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Abstract 

Let F be an affine flat group scheme over a commutative ring R, 
and S an F-algebra (an i?-algebra on which F acts). We define an 
equivariant analogue Qp(S) of the total ring of fractions Q(S) of S. 
It is the largest F-algebra T such that S C T C Q(S), and S is an 
F-subalgebra of T. We study some basic properties. 

Utilizing this machinery, we give some new criteria for factorial- 
ity (UFD property) of (semi-)invariant subrings under the action of 
affine algebraic groups, generalizing a result of Popov. We also prove 
some variations of classical results on factoriality of (semi-)invariant 
subrings. Some results over an algebraically closed base field are gen- 
eralized to those over an arbitrary base field. 



1. Introduction 

Throughout this paper, k denotes a field, and G denotes an affine smooth 
algebraic group over k. 

2010 Mathematics Subject Classification. Primary 13A50, Secondary 13C20. Key 
Words and Phrases, invariant subring, UFD, character group. 
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Let S be a G-algebra. That is, a /c-algebra with a G-action. Study of 
ring theoretic properties of the invariant subring S G is an important part of 
invariant theory. In this paper, we discuss the factoriality of S . 

Popov |Pop2[ p. 376] remarked the following: 

Theorem 1.1 (Popov). Let k be algebraically closed. If 

(i) S is a UFD; 

(ii) the character group X(G) of G is trivial; and 

(iii) One of the following hold: 

(a) S is finitely generated and G is connected; or 

(b) S x C S G . 

Then S G is a UFD. 

Some variation of the theorem for the case that (b) is assumed is treated 
in |Hoc] . The case that G is a finite group and S is a polynomial ring is 
found in Sin. (1.5.7)]. 

Our main objective is to generalize this theorem, focusing the case that 
(a) is assumed. Our main theorem is the following. 

Theorem 14.251 Let S be a finitely generated G- algebra which is a normal 
domain. Assume that G is connected. Assume that X{G) — > X(K cg>fc G) is 
surjective, where K is the integral closure of k in S . Let X G (S) be the set 
of height one G -stable prime ideals of S . Let M(G) be the subgroup of the 
class group C1(S) of S generated by the image of X G (S). LetY be a subset of 
Xq(S) whose image in M(G) generates M(G). Set A := So- Assume that 
Qg(S)g C Q(A). Assume that if P 6 T, then either the height of P PI A is 
not one or P R A is principal. Then for any G-stable height one prime ideal 
Q of S , either the height of Q R A is not one or Q R A is a principal ideal. 
In particular, A is a UFD. If, moreover, X(G) is trivial, then S G = A is a 
UFD. 

Here Qg{S) is the largest G-algebra contained in the field of fractions 
Q(S) such that S is a G-subalgebra of Qg(S). Sg (resp. Qg(S)g) is the 
/c-subalgebra of S (resp. Qg{S)) generated by the semiinvariants of S (resp. 
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Qa(S)) under the action of G. If X(G) is trivial, then Sq = S G and 
Qg(S) g = Q(S) G . 

Note that under the assumption of Theorem 11.11 if P is a height one 
G-stable prime ideal, then P = Sf for some semiinvariant / of S, and 
P PI A = Af is principal, see Lemma 14.131 Lemma 14.171 an d Lemma 14.201 
Theorem 14.251 is a generalization of Theorem 11.11 ( a )) m the sense that the 
assumption of Theorem 11.11 ( a ) is stronger than that of Theorem 14.251 an d 
the conclusion of Theorem II. 1[ (a) is weaker than that of Theorem 14.251 

There are three directions of generalizations. First, we need not assume 
that k is algebraically closed. Second, we need not assume that the all G- 
stable height one prime ideals of S are principal. Third, we treat not only 
the ring of invariants, but also semiinvariant s. 

We point out that M{G) is the whole class group Cl(S'), if k is alge- 
braically closed and G is unipotent ll 'MSSj. An example such that M(G) is 
nontrivial but the theorem is applicable and S is a UFD is shown in (16. ip . 
Another generalization is stated as Theorem 14.261 In the theorem, we do not 
assume that S is a UFD, either (we do not even assume that S is normal). 

We also state and prove some classical results and their variations on 
factoriality of (semi-) invariant subrings. For example, in Theorem 11.11 for 
the case that (a) is assumed, the finite generation of S is unnecessary, the 
assumption that k is algebraically closed can be weakened, and we can treat 
the ring of semiinvariants (Proposition 14.28]) . Theorem II. II for the case that 
(b) is assumed is also stated as a result on the ring of invariants over k which 
is not necessarily algebraically closed (Lemma I4.29p . 

Because of the lack of sufficiently many rational points in G, some Hopf 
algebra technique is required in the discussion over a field not necessarily 
algebraically closed, and our generalization in this direction is nontrivial. 

If G{k) is dense in G (e.g., k is separably closed |Bor[ (AG13.3)], or G is 
connected and k is perfect and infinite |Rosj ). then we can discuss using the 
action of G(k) on S. This action is extended to that on Q(S), the field of 
fractions of S. When G(k) is not dense in G, then there is some difficulty 
in treating Q(S). We define a substitute Qg(S) of Q(S), and call it the 
G-total ring of fractions of S, see ( 13. 4p . It is the maximal subring of Q(S) 
on which G acts such that S — >• Qg{S) is a G-algebra map. We prove some 
basic results on Qa(S). If S is a Noetherian Nagata domain, then Qg(S) is 
a Krull domain (Corollary I3.20p . This machinery plays an important role in 
proving Theorem 14.251 in the generality of the stated form. 

Section 2 is preliminaries. We give some remarks on divisorial ideals on 
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Krull domains. We also give some basic results on group actions on rings. 

In section 3, we introduce Qq(S), and study basic properties of it. 

In section 4, we give the main results on factoriality of the rings generated 
by the semiinvariants or invariants. 

In section 5, we discuss when Q(S G ) = Q(S) G holds for a G-algebra do- 
main S. This problem was called the Italian problemin |Muk[ (6.1)]. Propo- 
sition EH shows that under the assumption of Theorem ll.lt Q(S G ) = Q(S) G 
holds. We also give a criterion of Q(S G ) = Q(S) G , using the comparison 
of the maximum dimension of orbits and tdeg fc Q(S) — tdeg k Q(S G ) (Corol- 
lary [5T9]) . This criterion will be useful in section 6. 

In section 6, we give four examples. The first one is an example of The- 
orem 14.251 The second one shows that there is a finitely generated UFD S 
over an algebraically closed field k and a finite group G acting on S such 
that there is no nontrivial group homomorphism G — > S x , but S G is not 
a UFD. So in Theorem 11.11 the assumption (iii) cannot be removed. The 
third example shows that the condition on the character group imposed in 
the statement of Lemma 14.131 is really necessary. The fourth example shows 
that the surjectivity of X(G) — > X(K G) in Corollary 14.271 cannot be 
removed. 

It is natural to ask what we can say about |Pop2 , Remark 3, p. 376] 



when we consider non-algebraically closed base field. Although we gave some 
partial results in this paper, the author does not know the complete answer. 
In particular, the author cannot answer the following question. 

Question 1.2. Let A; be a field (not necessarily algebraically closed), and G 
an affine algebraic group over k. Assume that the character group X{k®j.G) 
is trivial. Let S be a G-algebra UFD with S x C S G . Then is S G a UFD? 

Acknowledgement: The author is grateful to Professor G. Kemper, Pro- 
fessor S. Mukai, Dr. M. Ohtani, and Professor V. L. Popov for valuable 
advice. 

2. Preliminaries 

(2.1) Let B be a commutative ring. The set of height one prime ideals of 
B is denoted by X\B). 
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(2.2) Let k be a field, S a finitely generated fc-algebra which is a normal 
domain. Let k C K C (5(5") be an intermediate field, where Q(S) is the field 
of fractions of S. Set A :— K C\ S. 

Lemma 2.3. Let k, S, K , and A be as above. There are only finitely many 
height one prime ideals P of S such that ht(P D A) > 2. 

Proof. Replacing K by Q(A) if necessary, we may assume that K = Q(A). 
There is a finitely generated normal /c-subalgebra B of A such that Q(B) = 
Q(A) = K. Let W := {P E Spec S | S P is not flat over B}, and Z the 
image of W by the canonical map Spec S — > Spec 5. Then W is closed in 
SpecS 1 , and Z is constructible in SpecP |Matl Theorem 6]. As a vector 
space over a field is flat and a torsion free module over a DVR is flat, the 
closure Z of Z has codimension at least two in Spec B. There are only 
finitely many subvarieties of codimension one in Spec S which are mapped 
to Z. So it suffices to prove that if P is a height one prime ideal of S such 
that V(P fl B) (f_ Z, then ht(P C\ A) < 1. Consider the local homomorphism 
BpnB ^ A PnA C K. If ht(P n B) = 0, then B PnB = K and this forces 
A PnA = K, and ht(P f)A) = 0. If ht(P n B) = 1, then P PaB is a DVR with 
Q(Bp n B) = K. Since the map PpoB ^ ^4pnA is local, Pp n s = ^WiA, and 
hence ht(P fl A) = 1. ht(P fl B) > 2 cannot happen by flatness. □ 

(2.4) Let k, S, K, and A be as above. For p G X 1 (A), we define 

X x (p) = {PeX\S)\PnA = p}. 

Note that X x (p) is finite. For P e X\p), define m(P) by p5 P = P m ^S P . 
Let fp be the normalized discrete valuation associated with P G 
For a subset / of S 1 , define vp(I) = mf{v P (x) | x G /}. Note that /Sp = 
(P5 P )^ (/) , where (P5 P )-°° = Q(S), and (P5 P )°° = 0. Thus m(P) = w P (p) 
for p G X 1 ^) and P G ^(p). An S-submodule / of Q(S) is a divisorial 
fractional ideal if and only if Vp(I) G Z for any P G X 1 (S'), Vp(I) ^ for only 
finitely many P, and / = P( zx 1 (s)(I : 'Sp) Vp ^ (in case S is a field, the right 
hand side should be understood to be S = Q(S). We use this convention in 
the sequel). 

(2.5) For a Krull domain B, the class group of B, denoted by C1(P), is 
the Z-free module Div(P) := © P6 xi(s) ^ ' (-0 whh the free basis X 1 (B) 
(the basis element corresponding to P G X X (P) is denoted by (P)), mod- 
ulo the subgroup Prin(P) := {div(a) | a G Q(B) \ {0}}, where diva = 



5 



^2 P&x i {B) v P (a)(P). That is, 01(5) := Div(P)/ Prin(P). The class of 
D G Div(P) in C\(B) is denoted by D. For D = ^ p c P (P) G Div(P), 
we can associate a divisorial fractional ideal 

J(D) : = p|(PA P )-^ = {a G Q(P) \ {0} | D + diva > 0} U {0}, 
p 

where for D' = c'p(P) e Div(-B), we say that £>' > if c P > for all P G 
The map D >->■ X(P) induces an isomorphism between Div(P) and 
the group of divisorial fractional ideals DF(P) of 5, where for I, J £ DF(P), 
the sum of / and J in DF(P) is defined to be B :q(b) (B '-q(b) I J)- Note that 
X induces an isomorphism X between C1(P) and the group of the isomorphism 
classes of the divisorial fractional ideals C\'(B) of B. We identify C1(P) and 
Cl'(P) via X. For a divisorial fractional ideal I of P, the class of / in C\'(B) 
is denoted by [/]. If J = f] p (PA P ) Cp , then [J] = ^ p c P [P]. Note that 

AW)) = -[p]. 

Lemma 2.6. Let I be a divisorial fractional ideal of S. Assume that I HQ (A) 
is a divisorial fractional ideal of A. 

(i) IfPeX\S) andPr\A = 0, then v P (I) < 0. 

(ii) / n Q(A) = n pe x 1( A)(PA) np , where n ? = M 1 ) = max{\v P {I)/m(P)] \ 

P G X 1 (p)}, where [?] is the ceiling function. 

Proof, (i) If P n A = 0, then v P (x) = for x G A \ {0}. This shows that 
v P (a) = for a G Q(A)\{0}. So if, moreover, v P (I) > 0, then IC)Q(A) = 0. 
But as we assume that inQ(A) is a fractional ideal (in particular, nonzero), 
this is absurd, 
(ii) Note that 

inQ(A)= fl ((PS-p)^«nQ(A)). 

For P G X 1 ^) such that PnA = 0, v P (I) < by (i), and hence (PS P ) vp ^n 
Q(A) = Q(A), and such a P can be removable from the intersection. Set 

ji=mi)= n n ((pspr {i) nQ(A)) 

pex^A) Pex 1 (p) 
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and 



(1) J 2 = p| ({PS P yWnQ{A)). 

Pex 1 (S), ht(PnA)>2 

ThenIf]Q(A) = JiHJ 2 . For p e X\A) and P G X 1 (p), (PS P ) Vp ^ f]Q(A) 
is an Ap-submodule of Q(A). On the other hand, for any A p -sub module M 

of Q(A), M = (pA p ) Vp{ - M ^ m( - p \ As 

v P {(PS P y^nQ(A)) > m(P) ■ \v P (I)/m(P)], 

(PSp) Vp W n C (Mp) r " p(/)/m(P)1 - The opposite inclusion is trivial, and 

hence 

This immediately leads to 

(2) Ji= n (p^) np - 

pex 1 (A) 

As Vp(I) G Z for P G A 1 (5'), and v P (I) 7^ for only finitely many P, it 
follows that n p G Z for p G A 1 (A), and n p 7^ for only finitely many p. In 
particular, J\ is a divisorial fractional ideal, and v p (J\) = n p for p G A 1 (A). 

It suffices to show that / fl Q(A) = J\. As the both hand sides are 
divisorial fractional ideals, it suffices to show that (/ fl Q(A)) p = ( Ji) p for 
any p G X 1 (A). As I fl Q(A) — J\ fl J 2 , this is equivalent to say that 
(J 2 )p ^ (^i)p for any p. 

Now first consider the case that J\ C A. That is to say, n p > for any 
p G A 1 (v4). Then it suffices to show that {J^p D A p , since (Jx) p C A p . 
As the intersection in ([T]) is finite by Lemma 12.31 It suffices to show that 
((PS P ) Vp W n Q(A)) p D A p for any P G A 1 (5') such that ht(P n A) > 2, and 
any p G A 1 (A). But this is trivial, since P n (~) A D (P fl A) n ^ p for n > 0. 
Now the lemma is true for / such that J\ C A. 

Next consider the general case. Take a G A \ {0} such that aJ\ C A. 
Let diva = £\ c(p)(p). Note that al H = a(J n is divisorial. It 

is easy to see that n p (al) = n p (I) + c(p). Or equivalently, J\{al) = aJ\(I). 
So the lemma is true for aL That is, al fl Q(A) = J\{al) = aJ\{I). So 
IC\Q(A) = a~ 1 (al f]Q(A)) = a~ 1 aJi(I) = Ji(I), and the lemma is also true 
for this general I. □ 
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Lemma 2.7. Let R be a commutative ring, C an R-coalgebra, and A — > C* be 
a universally dense R-algebra map. That is, an R-algebra map such that for 
any R-module M , 9 M ■ M®C -> Rom R (A, M) ((6 M (m<&c))(a) = (ac)-m) is 
injective. A (right) C-comodule is a (left) C* -module, and it is an A-module. 
Let V be a C-comodule and W its R-submodule. Then W is a C -subcomodule 
of V if and only if it is an A-submodule. 

Proof. Note that C is ill-flat [Hail (1.3.8.4)]. Consider the map p : W -> 
V/W ®C defined by p = (n <8> 1q) ° wv ° L , where i : W — > V is the inclusion, 
and 7r : V — > V/W is the projection. W is a C-subcomodule of V if and only 
if p is zero. On the other hand, W is an A-submodule of V if and only if 
Ov/w°P '■ W — > B.om.R(A, V/W) is zero, since ((9v/w °P)( w ))( a ) — o/w. Since 
9y/w is injective, p = if and only if 9 v /w ° p = 0. The assertion follows. □ 

Lemma 2.8. Let R be a commutative ring, and C an R-flat coalgebra. Let 
V be a C-comodule, and W its R-submodule. Let R' be an R-algebra. Let 
M' = R' <8>it M for an R-module M. If W is a C-subcomodule of V, then 
W is a C ' -subcomodule of V . If R' is faithfully flat over R and W is a 
C-subcomodule ofV, then W is a C-subcomodule ofV. 

Proof. If p : W — y V/W ®r C in the proof of Lemma 12.71 is zero, then so 
is the base change p' : W' — > V'/W' <S>ri C. The converse is true, if R' is 
faithfully flat over R. □ 

(2.9) Let R be a commutative ring. A sequence of i?-group schemes 

is said to be exact, if <f(X) = Ker xjj as i?-subfaisceaux of Y, see [Janl (1.5.5)]. 
Lemma 2.10. Let R be a Noetherian commutative ring, and 

(3) l^iV^F^T^l 

an exact sequence of affine flat R-group schemes. Then 

(i) ip is a closed immersion. 

(ii) ip is faithfully flat, and R[T] — > R{F] is injective. 

(iii) For any R-module V, V <g> R[T] -» V g> R[F] induces V g> R[T] = 
(V <8> R[F]) N , where N acts on R[F] right regularly. 
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(iv) For any F-module M , M N is uniquely a T -module so that M N as an 
F -module is an F-submodule of M. 

Proof, (i) This is because N = Kerip is the equalizer of the two morphisms 
ip and the trivial map, and T is i?-separated. 

(ii) This is [Janl (1.5.7)]. 

(iii) Consider the augmented cobar complex 

(4) ->• R[T] ^> R{F] ->• R[F] ® R R[N] ■ ■ ■ 

For any algebraically closed field K which is an i?-algebra, fl3]) base changed 
to K is a short exact sequence of affine algebraic i^-group schemes. As 
(K ® R F)j{K ® R N) = K ® R T is affine, H\K ® R N, K ® R R[F}) = 
for i > 0, and H°(K ® R N, K ® R R[F}) = K ® R R[T\. It follows that (0} 
base changed to K is exact. By |Has2[ Corollary 3], for any i?-module V, 
V ® R[T) = (V ® R[F}) N . 

(iv) Via the injective map ip' '■ R[T] — > R{F], we identify R[T] with a sub- 
coalgebra of R[F] (for the definition of a subcoalgebra, see |Hast (1.3.6.7)]). 
Let u : M ->• M ® R[F] be the coaction. We are to prove that u(M N ) C 
M N ® R R[T}. 

First we prove that u(M N ) C M ® R[T]. By (iii), this is equivalent to 
say that the composite map 

M N ^ M® R[F] ^ M g> R[F] ® R[F] ^> M ® R[F] ® R[N] 

maps m G M N to u(m) ® 1, where A : R[F] — > R[F] ®R[F] is the coproduct. 
By the coassociativity, this map agrees with 

M N ^M® R[F] ^4 M ® R[N] M ® R[F] ® R[N], 

and this map sends m to u(m) ® 1 by the definition of M N . 

Next we prove that oj(M ) C M N ® R[F]. As N is a normal subgroup 
of F, the map p : R[F] i?[iV] <g> i?[F] given by / ^ / 2 ® (Sf^h 
factors through R[N], where S denotes the antipode of R[F], and we are 
employing Sweedler's notation, see |Hasj (1.3.4)], for example. In order to 
prove oj(M n ) C M N ® R[F], it suffices to show that Yl(m) m ° ® ™' 1 ® m2 = 

Note that 

m <8> mj g) m 2 = m <8> m 3 <g> mi (S , m 2 )m 4 

(m) (m) 
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is the image of J2( m ) m o ® p{mi) by the map 

7 : M®R[N]®R[F] ->■ M<8)i2[iV](8)i2[F] (m<g>/<g>/' i— > ^Tno^/^mi/'). 

(m) 

Since p factors through i2[iV] and decompose like p = p<p' and X)(m) m ° ® 
mi = m ® 1, 

^ m ® mi ® m 2 = m ® p{fhi)) = j(m ® p(l)) 

(m) (m) 

= 7(777. <g> 1 <g> 1) = ^ m <S> 1 <S> m 1; 

(m) 

as desired. 

To conclude the proof, it suffices to prove that M N <g> R[F]C\ M <g> R[T] = 
M N ® R[T], as submodules of M®R[F]. This follows from a straightforward 
diagram chasing of the commutative diagram with exact rows and columns 

oo o 

>- M N ® R[T] >- M ® R[T] >■ M ® R[N] ® R[T] 

>- M N ® R[F] M <g> R[F] s- M ® R[N] <g> R[F] 

s- <g> _R[F] ® iZ[JV] 3- M ® _R[F] ® fl[AT] M ® R[N] ® <g> fl[JV]. 

The rows are exact, since 

0->M N ->M R[N] 

is exact and R[T], R[F], and R[N] are i?-flat, where i{m) — m <S> 1. The 
columns are exact by (iii). This completes the proof of (iv). □ 

(2.11) Until the end of this paper, let A; be a field, and G an affine algebraic 
/c-group. That is, an affine algebraic /c-group scheme that is smooth over k. 
Let H be an affine algebraic /c-group scheme. For a A;-algebra A, let us denote 
H (A) the group of A-valued points of H. However, if G is a finite (constant) 
group (over k), then the group G(k) is sometimes simply denoted by G by an 
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obvious reason. Let #M denote the category of //-modules. The coordinate 
ring of H is denoted by k[H}. For an abstract group T, let rM denote the 
category of AT-modules, where kT is the group ring of V over k. Let k and 
k sep respectively denote the algebraic and the separable closure of k. The 
characteristic of k is denoted by char(/c). 

Lemma 2.12. Assume that G(k) is dense in G with respect to the Zariski 
topology. Then 

(i) The canonical functor — > is full and faithful. 

(ii) For a G-module V and its subspace W , W is a G-submodule of V if and 

only if it is a G(k)-submodule. 

(iii) For a G-module V, we have V G = V G<yk ^ . 

Proof. By assumption, k[G] (kG(k))* (/ m- (g H> f(g)) for / e k[G] 
and g G G(k)) is injective. By |Has} (1.3.9.1)], kG{k) — > k[G]* is universally 
dense. By |Has} (1.3.10.3)], the first assertion (i) follows. The assertion (ii) 
is a consequence of Lemma [2.71 We prove (iii). 

v G = w= im<p = v G(k) 

</-eHom G (fc,V) <f,GUom kG(k) (k,V) 

by (i). □ 

Lemma 2.13. Let H be an affine algebraic k-group scheme. Then the iden- 
tity component (that is, the connected component of H containing the image 
of the unit element Spec/c — > H) H° is a normal subgroup scheme of H. 
H° is geometrically irreducible. In particular, if H is connected, then H is 
geometrically irreducible. 

Proof. The case that H is smooth is |Bort (1.1.2)]. 

Next we consider the case that k is perfect. Set E = i/ re d- Then E 
is a closed subgroup scheme of H, and is smooth. Clearly, E c -» H is a 
homeomorphism, and E° is identified with (i7°) rcc j. The product E° x E° — > 
E factors through E°, and the inverse E° — > E factors through E°. Moreover, 
E x E° E ((e, n) (->■ ene~ l ) factors through E° by normality. As H° is 
an open subscheme of H and E° is set theoretically the same as H°, H° x 
H° — > H factors through H°, and the inverse H° — > H factors through H°. 
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Moreover, H x H° — > H ((h,m) h-> /im/i 1 ) factors through H°. Namely, H° 
is a normal subgroup scheme of H. Finally, as E° is geometrically irreducible, 
H ° is so. 

Next consider the general case. Let K be the smallest perfect field con- 
taining k. Then the canonical map p : K Cg>fc H — > H is a homeomorphism. So 
(F F)° = p^ 1 (H°) = K ®k H°. As it is a normal F-subgroup scheme of 
K ®kH and is geometrically irreducible, H° is a normal fc-subgroup scheme 
of H and is geometrically irreducible. 

The last assertion is trivial. □ 

(2.14) Let Xq be a scheme, and F a flat Xo-group scheme. Let X be 
an F-scheme. For an ideal (quasi-coherent or not) X of Ox, the sum of all 
the F-stable quasi-coherent ideals of X is the largest F-stable quasi-coherent 
ideal of Ox contained in X. We denote this by X* as in |HM] section 4]. If 

Y is a closed subscheme of X and Y = V(X), then we denote V{X*) = Y*. 
Note that Y* is the smallest F-stable closed subscheme of X containing Y . 
If S is an F-algebra and / is an ideal of S, there is a unique largest F-stable 
ideal I* contained in J. 

Lemma 2.15. Let X be a scheme, F a flat quasi- separated X -group scheme 
of finite type with connected (resp. smooth, smooth and connected) fibers. 
Let X be an F -scheme, and Y a closed subscheme of X . Then the scheme 
theoretic image of the action ay '■ F x Y — >• X agrees with Y* . If, moreover, 

Y is irreducible (resp. reduced, integral), then Y* is so. 

Proof. Let Y' denote the scheme theoretic image of ay. If Z is a closed 
F-stable subscheme of X containing Y, then ay is the composite 

and factors through Z. This shows Y' C Z by the definition of Y' . On 
the other hand, Y' D Y is trivial, and Y' is F-stable, since ay is F-stable 
(where F acts on F x Y by g ■ (g',y) = (gg',y)) and quasi-compact quasi- 
separated, and Y' is defined by the F-stable quasi- coherent ideal Ker(Ox ~^ 
(ay)„(C > i? x y)). Thus Y' is the smallest closed F-stable subscheme of X 
containing Y, and agrees with Y*. 

If F has connected fibers and Y is irreducible, then F x Y is irreducible, 
since F is geometrically irreducible over Xq by Lemma 12.131 If F is smooth 
and Y is reduced, then F x Y is reduced. So if F is smooth with connected 
fibers and Y is integral, then F x Y is integral. 
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Let a : F x Y — > Y* be the morphism induced by ay. As F x Y is 
irreducible (resp. reduced, integral) and Oy* — > a*OpxY is injective, Y* is 
irreducible (resp. reduced, integral). □ 

Lemma 2.16. Let H be a connected affine k-group scheme, and S an H- 
algebra. If e is an idempotent of S, then e G S H . 

Proof. Let V be a finite dimensional if-submodule of S containing e, and S\ 
the fc-subalgebra of S generated by V. Then Si is of finite type and e G Si. 
So replacing S by Si, we may assume that S is of finite type. 

Set X = SpecS, Xi = SpecSe and X 2 = SpecS(l — e). Both Xi and 
X 2 are closed open subsets of X, and X = X 1 \JX 2 . For any irreducible 
component Y of X 2 , Y* is irreducible by Lemma \2. 151 As Y is an irreducible 
component of X and Y C Y*, we have that Y* = Y, set theoretically. 
So H x X 2 — > X factors through X 2 , set theoretically. As X 2 is an open 
subscheme, this shows that X 2 is if-stable. That is, the action H x X 2 — > X 
factors through X 2 . On the other hand, X 2 is a closed subscheme of X 
defined by the ideal Se. So Se is an if-stable ideal. That is, the coaction 
00 : S -»■ S<g)A;[#] maps Se to 5e®A;[fl]. Similarly, w(l-e) G S(l-e)®k[H]. 

So 

o;(e) = (e®l)w(e) = (e® l)w(l - (1 -e)) = e ® 1 - (e <g> l)(w(l - e)) = e®l, 

as desired. □ 

(2.17) Let A be a /c- algebra. We say that A is geometrically reduced over fc 
if ®/c ^4 is reduced for any finite extension field K of k. This is equivalent 
to say that A is reduced, if char(fc) = 0. If char(/c) = p > 0, this is equivalent 
to say that k~ p Cgi^ A is reduced. When A is a field, A is separable over fc if 
and only if it is geometrically reduced over k. 

Clearly, A is geometrically reduced if and only if any finitely generated 
A;-subalgebra of A is geometrically reduced. Any localization of a geomet- 
rically reduced algebra is again geometrically reduced. In particular, A is 
geometrically reduced over k if and only if Q(A) is geometrically reduced 
over k. 

Let A be a reduced fc-algebra which is integral over k. We say that a £ A 
is separable over k if f(a) = for some monic polynomial f(x) G k[x] without 
multiple roots. The set of separable elements of A is the largest geometrically 
reduced fc-subalgebra of A. 
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Lemma 2.18. Let K be a G-algebra which is a finite direct product of finite 
algebraic extension fields ofk. If G is connected, then the action of G on K 
is trivial. 

Proof. Taking the base change and replacing k by its separable closure, we 
may assume that k is separably closed. It is obvious that the set of separable 
elements L of K over k is a G(A;)-subalgebra (i.e., a fc-subalgebra which is 
also a G(fc)-submodule) of K. As k is separably closed, G{k) is dense in G 
[BotI (AG13.3)], and L is a G-subalgebra of K by (1232]) . 

As L = k n as a fc-algebra for some n, L is spanned by its idempotents as 
a k- vector space. As G is connected, L is G-trivial by Lemma [2. 161 

Next, we prove that K is G-trivial. Of course we may assume that k is of 
positive characteristic, say p. For any a G K, there exists some m > such 
that a pm G L. Then for any g G £?(&;), (ga — a) pm = 0. As K is a reduced 
ring, a G K G ( fc ) = if G . Hence K is G-trivial. □ 

(2.19) Let B be a Z n -graded Krull domain. Let X^ r {B) be the set of height 
one graded prime ideals. Let Div gr (5) be the free abelian group with the 
free basis X^ r (B). Let Prin gr (S) be the subgroup 

{diva | a is nonzero homogeneous}. 

Note that Prin gr (i?) C Div gr (£>). Indeed, if a G B \ {0} is homogeneous and 
P is a minimal prime of a, then P is of height one. Unless P is homogeneous, 
P ~D P*, and P* is a prime ideal by Lemma \2. 151 applied to the action of the 
split torus G^. This shows P* = and contradicts a G P*. 

Lemma 2.20 (cf. \KK\ Theorem 1.1], |Fost Proposition 10.2]). The canonical 
map 6 : C\&(B) := Div gr (B)/Prin gr (5) -)■ Cl(£) is bijective. 

Proof. First we show that 9 is injective. It suffices to show that for / G B \ 
{0}, if div / G DiVgr(S), then / is homogeneous. Let Y be the multiplicatively 
closed subset of B consisting of all the nonzero homogeneous elements of B. 
Note that the canonical map Div(B) — > Div(5p) kills all the homogeneous 
height one prime ideals, while for any inhomogeneous height one prime P, 
(P) goes to the basis element (PB T ). So in Div( J B r ), div f = 0. So/eB r x . 
On the other hand, a unit of a Z n -graded domain is homogeneous, and hence 
/ is homogeneous. 

We prove that 9 is surjective. Let P G AT 1 (5). Since B? is a Laurent 
polynomial algebra over a field, By is a UFD. So PB? = B?f for some prime 
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element / of Bp. This shows that (P) —divf G Div gr (5). Hence (P) G lm.8. 
So 9 is surjective. □ 



Corollary 2.21. Let B be as above. If any nonzero homogeneous element is 
either a unit or divisible by a prime element, then B is a UFD. 

Proof. Let w : Div(£?) — > Z be the map given by vj(J2p c p(P)) = ^2p c p- 

Using induction on to(divfo), we prove that any nonzero homogeneous 
element b of B is either a unit or has a prime factorization. If w(divb) = 0, 
then b is a unit. If w(divb) > 0, then b is not a unit, and b = pb' for some 
prime element p G B and b' G B. Note that both p and 6' are homogeneous, 
since b is homogeneous. As w(b') < w(b), b' is either a unit or a product of 
prime elements, and we are done. 

Now let P be any homogeneous height one prime ideal. Then take a 
nonzero homogeneous element b G P. As b is a product of prime elements, 
there exists some prime element p which lies in P. As P is height one, P = Bp 
is principal. As any homogeneous height one prime ideal is principal, B is a 
UFD by Lemma ESU □ 

Lemma 2.22. Let B be a Z n -graded domain. If any nonzero homogeneous 
element of B is either a unit or a product of prime elements, then B is a 
UFD. 

Proof. In view of Corollary 12. 2 1[ it suffices to show that B is a Krull domain. 

Let r be the set of nonzero homogeneous elements of B. Then Bp is a 
Laurent polynomial ring over a field. As Bp is a Noetherian normal domain, 
Bp = f] p (Bp)p, where P runs through the set of height one prime ideals of 
Bp. 

We prove that B = f] p (Bp) p H P| B n B, where nB runs through the prin- 
cipal prime ideals of B generated by homogeneous prime elements. Let b/s 
be in the right hand side, where b G B and s G T. We may assume that for 
each 7r, if 7r divides b, then 7r does not divide s. Then s is a unit of B, and 
b/s G B, as desired. 

An element b of B lies in only finitely many P{Bp)p. On the other hand, 
if b lies in nB, then each homogeneous component of b lies in irB. This shows 
that b lies in only finitely many irB n B- 

As (Bp)p is obviously a DVR, it remains to show that B n s is a DVR. To 
verify this, f] n>0 ir n B nB = is enough. So b/c G B^b \ {0} with b G B \ {0} 
and c G B \ nB. Note that b G 7r n i? if and only if each homogeneous 
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component of b lies in ir n B. So b G ir n B \ 7i n+1 B for some n > 0. Then it is 
easy to see that b/c G ~K n B^B \ n n+1 B n B- Hence B is a Krull domain. □ 

3. Equivariant total ring of fractions 

(3.1) For a ring B, let us denote the set of nonzerodivisors of B by B*. 
The localization of B by the multiplicatively closed subset B* is denoted by 
Q(B), and called the total ring of fractions of B. 

(3.2) Let R be a commutative ring, F an affine flat F-group scheme, and S 
an F-algebra. Let uj : S — > S®R[F] be the coaction, where R[F] denotes the 
coordinate ring of F . Then a; is a flat ring homomorphism. So u' : Q(S) — > 
Q(S ® F[F]) is induced. On the other hand, i : S — > S <S> R[F] given by 
t\s) = s <g> 1 gives i' : Q(5) ->■ Q(S g> F[F]). The kernel Ker(t' - u/) C Q(5) 
is a subring of Q(S). We denote this subring by Q(S) F (this notation does noi 
mean that Facts on Q(S)). It is easy to see that Q(S) x nQ(S) F = (Q(S) F ) X . 
In particular, if S is an integral domain, then Q(S) F is a subfield of Q(S), 
see jMukl Definition 6.1]. Note also that Q(S) F n S = S F . 

Lemma 3.3. Let S be a commutative G-algebra. In general, Q{S) G C 
Q(S) G{k) . IfG(k) is dense in G, then Q(S) G = Q(S) G{k) , where the right 
hand side is the ring of invariants of Q(S) under the action of the abstract 
group G(k). 

Proof. Let a/b G Q(S), where a G S and b G S*. Set F = u)(a)(b ® 1) - 
co(b)(a Cg> 1), where u : S — > S <E> is the coaction. 

Assume that a/b G Q(S) G , that is, F = 0. For (7 G G(k), let <£> 9 : 
5 (g) fc[G] S be the fc-algebra map given by <f g (f ® h) = h(g)f. Then for 
/ G S, we have that g ■ f = ipgu(f). As F = 0, <^ g F = (pa) 6 — (go)a = for 
any g G G(k). Hence ga/gb = a/b for any g G G(&), and a/b G Q(S) G ^ k \ 

We prove the second assertion. Assume that a/b G Q(S) G ^ k \ In other 
words, y? g F = for any g G G(fc). As * : fc[G] -> (kG(k))* given by 
^ (f)(9) = /(flO is injective by the density of G(k) in G, the composite map 



is injective, where ( is the injective fc-linear map given by £(/ eg) p)(a) = 



(p(p))/. As £(F)(g) = <p g (F) = for any g G G(A:), £(F) = 0. So F = by 



£ : 5® fc[G] 



is®*. 



> 5 <g) (kG(k))* ^ Kom k (kG(k), S) 



the injectivity of £. 



□ 
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(3.4) Let the notation be as in (13.21) . Let Q = Q(S) be the set of R- 
submodules M of Q(S) such that u'(M) C M® R R[F]. We define Q F (S) := 
^2mpqM C Q(S), and we call Qf{S) the F-total ring of fractions. Note 
that Qf(S) is the largest element of Q. It is easy to see that Qf(S) is an 
i?-subalgebra of Q(S). Note that u)'\q f (s) '■ Qf(S) — >■ Qf{S) ® -R^] makes 
Qf(S) an F-algebra, and the inclusion 5 >■ Qf(S) is F-linear. Note also 
thatQ F (S) F = Q(S) F If S" C Sis an F-subalgebra such that Q(S') = Q{S), 
then Qf(S') = Qf{S) almost by definition. In particular, Qf(Qf(S)) = 
Qf(S). 

(3.5) Let R be a commutative ring, F a flat i?-group scheme, and R' an 
i?-algebra on which F acts trivially. Then we can identify an R' ®r F- 
module with an (F, i?')-module using the canonical isomorphism M®#/ (R'<8)r 
R[F}) = M®r R[F\. It is easy to see that M r '® rF = M F . Similarly, to say 
that S is an i?'-algebra F-algebra such that the canonical map R' — > S is an 
F-algebra map is the same as to say that S is an R' ®r F-algebra. If so, we 
have that Qf(S) = Qr>® r f(S). 

Lemma 3.6. Let R, F , and S be as in (13. 2p . Let M be an S-submodule of 
Q(S) such that M D S . Then the following are equivalent. 

(i) M G n. That is, u'(M) C M ® R R\F\. 

(ii) There is an (F, S) -module structure of M such that the inclusion S ^ M 

is F -linear. 

(iii) There is a unique (F, S) -module structure of M such that the inclusion 
S M is F-linear. 

(iv) M is an (F, S)-submodule ofQp(S). 

In this case, the unique (F, S) -module structure of M as in (iii) is given by 
uj'\m '■ M — >■ M ®r R[F]. It is also the induced submodule structure coming 
from (iv). 

Proof. (i)=^(ii). Consider the diagram 

(5) S c >■ M c *Q(S) 



(a) 



wi (b) 



S ® R R{F] C M ® R R[F] C Q(S ® R R[F}), 
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where U\ = uj'\m- By the definition of u>', (a) + (b) is commutative. On the 
other hand, by the definition of (b) is commutative. As M ® R R{F] 
Q(S ®r R[F]) is injective, (a) is commutative. In other words, S M is 
F-linear. The commutativity of (a) + (b) shows that u' is an S'-algebra map, 
where the S'-algebra structure of Q(S ® R is given by the composite 

map 

S 4 S ® R R[F] Q(S ® fi 

By the commutativity of (b), it is easy to see that u\ is S-linear. This shows 
that M is an (R[F], S)-Hopf module. In other words, M is an (F, S)-module. 

(ii) =^(iii), (i) Let us consider the diagram (jSJ), where oj\ is the given 
comodule structure of M. Then (a) is commutative. Let b/a G M, where 
b G S and a G S*. Then u(a)ui(b/a) = Ui(a ■ (b/a)) = uj{b). As ui(a) is a 
nonzero divisor on M <S>R[F], U\(b/a) = u(b)/u(a) = u r (b/a), and lo\ = lo'\m 
is unique. The commutativity of (b) shows that u'(M) C M ® R 

(iii) =^(ii) is trivial. 

(i)<^(iv) The coaction u> : Qf(S) — > Qf(S) (g> R R[F] is the restriction of 
oj' . So the condition (i) says that M is a subcomodule of Qp(S). As M is 
an S-submodule of Qp(S), it is an (F, S)-submodule if and only if (i) holds. 

Now the equivalence of (i)— (iv) has been proved. The unique (F, S)- 
module structure of M as in (iii) is given by oj'\m by the proof of (ii)=^(iii). 
This agrees with the induced submodule structure coming from (iv), since 
the coaction of Qf{S) is also the restriction u'\q f (s) of uj' . □ 

Lemma 3.7. Let R, F, and S be as in (pO]) . Then (u')-\Q(S) ® R R[F}) = 
Qf(S). 

Proof. Set C to be the left hand side. As u'(Q F (S)) C Q F (3) ® R R[F], 
Qf(S) C C . In particular, S C C. 
Consider the composite map 

p : C ^ Q(S)® R R[F] ^ Q(S)® R R[F]® R R\F] c Q(S® R R{F] ® R R[F\), 
where A : R[F] — > R[F] ® R R[F] is the coproduct. Also consider the map 

p' : C ^ Q(S)® R R{F] Q(S® R R[F])® R R{F] c Q(S® R R[F]® R R[F]). 

Then p and p' are .R-algebra maps, and p\g = p'\g by the coassociativity law 
on the i?[F]-comodule S. It follows easily that p = p' . This shows that 

u\C) C (a/ ® l)~\Q{S) ® R R[F] ® R R[F)) = C ® R R[F]. 

It follows immediately that C C Qp(S). Hence C = Qp(S), as desired. □ 
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Corollary 3.8. Let R, F , and S be as in (13. 2p . Assume that S is Noetherian 
and F is finite over R. Then Qp(S) = Q{S). 

Proof. Note that every maximal ideal of Q(S) is an associated prime of zero. 
As R[F] is finite flat over R, every maximal ideal of Q(S) (E)r R[F] is an 
associated prime of zero. So Q(S) ®_r R[F] = Q(S ®r R[F])- Hence 

Q F (S) = (Lur\Q(S) ® R R[F]) = (cuT l (Q(S gin R[F])) = Q(S). 

□ 

Lemma 3.9. Let X be a scheme, F a smooth X -group scheme of finite type, 
and X a Noetherian reduced X -scheme with an action of F. Let ip : X' — » X 
be the normalization of X. Then there is a unique F -action of F on X' such 
that ip is an F-morphism. 

Proof. Note that F Xx X' is Noetherian normal, and the composite 

maps each connected component of Fxj X' dominatingly to an irreducible 
component of X, where a is the action of F on X. Thus by the universality 
of the normalization, there is a unique map a' : F x Xo X' X' such that 
if o a' = a o (1 x (p). 

It remains to prove that a' is an action of F on X' . The diagram 

X>^Fx Xn X'^ X > 



lXip 



is commutative, and a o (e x 1) o ip = (p. Thus ip o a' o (e x 1) = ip o idx>- By 
the uniqueness, a' o (e x 1) = idx>, the unit law holds. 

The morphisms Fx Xq Fx Xo X' — >■ X given by (/, g, x') h> f(g(<p(x'))) and 
(f,9,x') i-)> (fg)(ip(x')) agree. So ip((fg)x') = <p(f(gx')). By the uniqueness, 
(fg)x' = f(gx'). The associativity also holds, and a' is an action, as desired. 

□ 

Corollary 3.10. Let R be a commutative ring, F an affine smooth R-group 
scheme of finite type, and S a Noetherian reduced F -algebra. Then the inte- 
gral closure S' of S in Q(S) has a unique F -algebra structure such that the 
inclusion S )■ S' is an F -algebra map. In particular, S C S' C Qf(S) = 
Qf(S'). 
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Proof. The first assertion is obvious by Lemma 13.91 The second assertion 
follows from the first and Lemma 13.61 □ 



Lemma 3.11. Let R be a commutative ring, F an affineflat R-group scheme, 
and S a Noetherian F-algebra. Then Qf{S) = [jj S :q($) I, where I runs 
through the all F -ideals of S containing a nonzerodivisor. For each I , S :q($) 
I is an (F, S)-submodule of Qf(S), and the canonical map ip : S :q(s) I — > 
Homs(J, S) given by f(a)(a) = aa is an (F, S)-linear isomorphism. 

Proof. Let / be an F-ideal of S containing a nonzerodivisor. The diagram 



Hom 5 (5', S) > Honi5(/, S) 

is commutative, where (p(a)(a) = aa, and l* is the pull back with respect 
to the inclusion map l : I ^ S. As in |Hasj (1.5.3.4)], Homes', 5*) and 
Honis(I, S) are (F, S')-modules, and l* is an (F, S)- linear map. Note that 
the isomorphism (p : S — > Hom^S 1 , S) is (F, 5')-linear. By the commutativity 
of the diagram, S :q(s) / possesses an (F, S^-module structure such that the 
inclusion S <^-> S :q(s) I is (F, S^-linear, and <p : S :q(s) I —> Homs(J, S) 
is an (F, S 1 ) -isomorphism. By Lemma l3T6| S :q/s) I C Qf(S) is an (F, S)- 
submodule. 

Next we show that Qf(S) C [Jj S :q(s) I- Let a G Qp(S). Then there 
is an ^-finite (F, 5')-submodule M of Qf(S) containing a and 1 by [Has 



(1.5.3.11)]. Then / := 5* :$ M is an ideal of S containing a nonzerodivisor. 
Being the kernel of the F-linear map S — > Homs(M, M/S), I is an F-ideal, 
and a e S : Q ( S ) I- □ 

Corollary 3.12. Let R, F, and S be as in Lemma 13.111 Let I and J be 

F-ideals of S. If J contains a nonzerodivisor, then I :q(s) J is an (F,S)- 
submodule ofQp(S). 

Proof. As the diagram 

I -Q(S) J c *- S : Q (s) J 



■-P 



Hom s ( J, /) c Hom 5 ( J, S) 
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is commutative, <p : S '-q(s) J ~^ Horns (J, S) is an isomorphism of (F,S)- 
modules, <p : I :q(s) J ~^ Hom 5 ( J, /) is bijective, and Hom s ( J, I) is an 
(F, S)-submodule of Homs(J, S), I :q(s) J is an (F, S^-submodule of S :q(s) 
J, which is an (F, S^-submodule of Qf(S). Hence / :q(s) J is an (F,S)- 
submodule of Qf(S). □ 

(3.13) Let S be a Noetherian ring. For an open subset U C SpecS", the 
canonical map S — > T(U,Os pec s) is injective if and only if any (or equiva- 
lently, some) ideal I C S such that D(I) := Spec S \ V(I) = U contains a 
nonzero divisor. Thus T(U, Os pec s) is identified with a subring of Q(S), and 
Q(S) is identified with linir(?7, Os pcc s), where U runs through all the open 
subsets of Spec 5* such that S — > T(U,Os pe cs) is injective. For / e Q(S), 
there is a largest U such that / G T(U, Os pec s)- We denote this U by U(f), 
and call it the domain of definition of /. 

(3.14) If S is not Noetherian, even if S — > T(U, Os pec s) is injective, the ring 
of sections T(U, Os pec s) ma Y n °t be a subring of Q(S). Let k be a countable 
field, and S = k[xi, y\, X2, y2, ■ ■ -)/J, where J is the ideal generated by XiUj 
with j > i, and yiUj with j > i. Let / := (xi,yx, 22, 2/2, ■ ■ ■), and U := D(I). 
Then it is easy to see that T(U, Os pcc s) = h_m5'/Jj is uncountable, where Jj 
is generated by J and {yj \ j > i}. On the other hand, Q(S) is countable, 
and so T(U, Os pcc s) cannot be a subring of Q(S). 

Lemma 3.15. Let S be a Noetherian ring, and h G Q{S). For f G S , we 
have h G [J n > Q S : Q(5 ) f n if and only ifU(h) D D(f) = Spec S[l/f] . 

Proof. Assume that U(h) D D(f). Then h/1 G S[l/f] makes sense, and 
we can write h/1 = a/f n in S[l/f}. Then f n h - a = in Q(S)[l/f]. So 
/ m (/ n /i - a) = in Q(S') for some m. So h E S : Q{S) f n+m . 

Conversely, assume that h G Q(S) and f n h = a G S. Then h = a/ f n in 
r(U(h)nD(f), Os pC cs)- As CspccS is a sheaf, there exists some (3 G r(?7(/i)U 
^(/XCspecs) such that p in r(C/(/i), C Sp ccs) is h, and /3 in S[l/f] is a// n . 
By the maximality of U(h), U(h) = U(h)UD(f). That is, U(h) D D(f). □ 

Lemma 3.16 (cf. [Har, Appendix, Proposition 4]). Let S be a Noetherian 
ring, and I an ideal of S which contains a nonzerodivisor. Set U := D(I) = 
SpecS* \ V(I). Then as a subset of Q(S), we have 

\JS: Qis) r = r(u,o SpecS ). 

n>0 
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Proof. Let I = (fi, . . . , f r ). By Lemma IB. 15} 



T{U, SpccS ) = {he Q(S) | U(h) d U} = f]{h e Q(S) \ U{h) d D(fi)} 

i=l 

r 

= n u s J? = u s /n - 

!=ln>0 n>0 

□ 

Lemma 3.17. Let R, F , and S be as in Lemma 13. Ill Let U be an open 
subset of SpecS*. Then U is F -stable if and only if U = D(I) for some 
F -stable ideal I of S. 

Proof. The 'if part is obvious. We prove the 'only if part. Let U be an 
F-stable open set. Then U = D(J) for some ideal J of S. Then U = D(J*), 
sec [HO, (8.3)], where J* is the largest F-stable ideal of S contained in J. □ 

Lemma 3.18. Let R, F , and S be as in Lemma 13.111 Then Qf{S) = 
limr([/, Ospecs), where U runs through all the F -stable open subsets such that 
S — > T(U, Ospecs) is injective. In particular, if there is a unique smallest F- 
stable open subset U such that S — >■ T(U, Ospecs) is injective, then Qf{S) = 
T(U,0 SpecS ). 

Proof. Note that for each U, T(U,Os pec s) is an F-algebra, and the map 
S — > T(U, OspecsO is an F-algebra map. Moreover, for U D V, 

W,o Spcc s)^r(v,o SpecS ) 

is an F-algebra map. It follows that \imT(U, Os pec s) is an -F-algebra, and 
the canonical map S —> hmT(U,Os pec s) is an F-algebra map. So we have 
that limr(f/, Cspecs) C Qf(S) by Lemma [3T6l 

We prove Qf(S) C limT(U, Os pcc s)- By Lemma [3.111 it suffices to show 
that S -q(s) I C T(D(I), Ospecs) f° r an Y -^-ideal / containing a nonzerodivi- 
sor. This is Lemma [3.161 

The last assertion is trivial. □ 

Lemma 3.19. Let R be a commutative ring, F a flat afflne R-group scheme, 
and S a Noetherian normal F-algebra. Then f G Q(S) lies in Qf(S) if and 
only if f /I G Sp for any height one prime ideal of S such that P* does 
not contain a nonzerodivisor, where P* is the largest F -ideal of S contained 
in P. In particular, Qf{S) is a finite direct product of Krull domains. In 
particular, Qp{S) is integrally closed in Q(S). 



22 



Proof. We prove the 'if part. Let Pi, . . . , P n be the height one prime ide- 
als such that f/1 ^ Sp v For each i, there exists some m(i) such that 

Jf W (//l) G S Pi . Letting / := Ui( p ?) m ®> I (f/1) e ^ P for any height 
one prime ideal of S 1 . Thus J/ C S, and J is an F-ideal of S containing a 
nonzero divisor. Hence, / 6 S 1 :q(s) / C Qf(S). 

We prove the 'only if part. So let / G Qp(S). Then by Lemma T3.1H 
f E S -q(s) I f° r some F-ideal / of S containing a nonzerodivisor. Let P be 
a height one prime of S such that (f/1) ^ 5p. This implies I G P, since 
// & S. As I is an F-ideal, I G P*, and P* contains a nonzerodivisor. □ 

Corollary 3.20. Let R be a commutative ring, F an affine smooth R-group 
scheme of finite type, and S a Noetherian reduced Nagata F -algebra. Then 
Qf(S) is a finite direct product of Krull domains. 

Proof. Note that S' is a Noetherian normal F-algebra. On the other hand, 
Qf(S) = Qf(S'). By Lemma 13.191 the assertion follows. □ 

Lemma 3.21. Let k be a field, and H an affine algebraic k-group scheme 
of finite type. Let X be a Noetherian H -scheme, and Y a primary (i.e., 
irreducible and (Si)) closed subscheme of X. Let Y* (resp. Y') denotes the 
smallest closed H -subscheme (resp. H° -subscheme) of X containing Y. Then 
Y* does not have an embedded component, and F/ ed is an irreducible compo- 
nent ofY*. 

Proof. As Y is primary, Y* is //-primary, and it does not have an embedded 
component by [HMl (6.2)]. As Y is primary, Y' is primary by |HMt (6.23)]. 
In particular, Y^' ed is integral. Obviously, F r ' ed C Y* . 

For a A;-scheme W , let W denote k®kW . Then Y* is the scheme theoretic 
image of the composite 

H x- k Y ^X AX, 

where a is the action, and p is the projection. 

Note that there exist some k- valued points hi,...,h r of H such that 
H — JJ f hiH°, where hi — e is the identity element. Let Wi be the scheme 
theoretic image of a : h,iH° x^Y — > X, and Vi be the scheme theoretic image 
of p : Wi — > X. Note that (Vi) re d = Y^ ed . The local rings Ox,(Vi) TCd an d 
®x,(Wi) ied nave the same dimension. Indeed, O x ,(v z ) Icd ->■ ®x,(Wi) ied is a flat 
local homomorphism, as p is flat. So 

dim<Dx >m)ted = dim£> XiW)rcd + dimOjf j(Wi)Md ®o Xt(Yi)ni 
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where Vi is the generic point of V{. But p~ x {y>i) is zero- dimensional, as p is 
an integral morphism. 

As the action of hi induces an isomorphism Oxr w .\ d — ®x,(Wi) ied i we 
have 

dimO XiW)red = dimO Xy{WiUd = dim O x , {Wl ) Icd = dim O x ,( Vl ) ied - 

This shows that (Vi) re d does not strictly contain (Vi) re d = Y^. As Y* = 
Uj Vi, we are done. □ 

Example 3.22. Let R = k be a field, F = if be of finite type over k. 
Let 5 be an if -algebra which is a Noetherian normal domain. Then for a 
height one prime ideal P of S, P*, the largest if-ideal of S contained in P, 
contains a nonzerodivisor (or equivalently, nonzero) if and only if P', the 
largest if °-ideal of S contained in P, contains a nonzerodivisor. 

As P' is a primary ideal by |HM| (6.23)] and P' C P, it is P-primary or 
0-primary. So P' ^ if and only if P 1 is P-primary. 

If P' is P-primary, as P* does not have an embedded prime and P is an 
associated prime of P* by Lemma [3.211 is not an associated prime of P*. 
Thus P* ^ 0. If P' is not P-primary, P' = 0, and hence P* = 0. 

By Lemma f3.19[ we have Qh(S) = Qh°(S). This shows that the finite 
group scheme H/H° acts on Q(S) H ° in a natural way. Indeed, 

Q(S) H ° = Q Ha (S) H °=Q H (S) H °. 

As if acts on Qh(S), H/H° acts on Qh(S) h ° . Moreover, we have 

(Q(S) H °) H/H ° = {Qh{S) h °) h/H ° = Qh{S) h = Q(S) H . 

Lemma 3.23. Let (p : H' — >■ if 6e a surjective homomorphism of affine 
algebraic k-group schemes. Let S be a Noetherian normal H -algebra domain. 
Then Qh'(S) = Qh(S). 

Proof. Let P be a height one prime ideal of S. Let P* and P' denote the 
largest ff-stable and if'-stable ideal contained in P, respectively. By as- 
sumption, a/P* = yP . So P* is nonzero if and only if P' is nonzero. By 
Lemma [3. 191 we are done. □ 

Lemma 3.24. Let R be a commutative ring, and F an affine flat R-group 
scheme. Let <p : S — > T be an F -algebra map. Assume that <p(S*) C T*, and 
let Q(<p) : Q(S) —> Q(T) be the induced map. Then Q(<p)(Qf(S)) C Qf(T), 
and Qf(^p) '■= Q(¥ 3 )Iq f (S') : Qf(S) —> Qp(T) is an F -algebra map. 
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Proof. Let Us and u>t respectively denote the coaction S — > S ®r R[F] 
and T — > T ® R R[F}. Let Q' s be the localization of S ®r R[F] by the 
multiplicatively closed subset 

C(S) := u(S*) ■ (S* g> 1) = {w(a)(6 ® 1) | a, 6 e S*}. 

We define C(T) and Q' T similarly. It is easy to see that ((p®l)(C(S)) C C(T), 
and Q'((p) : Q' s —> Q' T is induced. Let u' s : Q(S') — > Q' s and o;^ : Q(T) — >■ 
be the induced maps, induced by and cu^, respectively. Then 

oo' t (Q(v)(Qf(S))) = Q'(<pW s (Q F (S)) 

C Q'(<p)(Qf(S) ® c (Q((p)(Q F (S))) ® 

SoQ(<p)(q f (S))cq f (T). 

Next, the five faces except for the top one of the cube 



Qf(S) 



t»>l,S 



Q F (S) ® 



-Qf 


(t) 







Qf{T) <g> 




are commutative, where ti^s and cj^t are the coaction of Qf{S) and Qf{T), 
respectively. As /i is injective, the top face is also commutative, and hence 
Qf(<p) '■ Qf(S) —¥ Qf(T) is F-linear. Being a restriction of the ring homo- 
morphism Q(ip), it is a ring homomorphism, as desired. □ 

(3.25) A field extension L/K is said to be primary (resp. regular), if 
Ksep ®k L (resp. K ®k L) is a field, where K scp (resp. K) is the separa- 
ble closure (resp. algebraic closure) of K. See |CQ Expose 14]. 

Lemma 3.26. Let S be an H-algebra domain. If H is connected, then the 
field extension Q(S)/Q(S) H is primary. 
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Proof. Replacing S by Qh(S), we may assume that S = Qh(S) D Q(S) H . 
Replacing k by Q(S) H , we may assume that k = Q(S) H . It suffices to 
show that for any if-subalgebra T of S which is a finitely generated domain, 
the assertion of the lemma is true for T, since Q(T) H = k = Q(S) H , and 
Q(S) = limQ(T). Replacing S by T, we may assume that k = Q(S) H , and 
5 is a finitely generated domain (possibly losing the additional assumption 
S = Q H (S)). 

Note that S sep := fc sep £g>fc 5 is a reduced algebra of finite type over k sep . 
As /c sep ®fc Q(S0 is essentially of finite type over k sep , it is Noetherian. As it 
is also integral over the field Q(S), it is zero- dimensional. Being a reduced 
Artinian ring, k sep ® fc Q(S) is a finite direct product of fields. So it agrees 
with Q(S sep ). Thus it is easy to see that Q(S sep ) H = k sep Q(S) H = k sep . 
Let P\, . . . , P n be the minimal primes of S^ep. 

Since P* is P^-primary by |HMj (6.23)], we have P* = Pi, as Ssep is 
reduced. So each Pj is if-stable. Then (n^ =1 S Bep /Pi) H = k sep . As any 
idempotent of dliLi S sep /Pi) is i7-invariant by Lemma [2.16[ we have n — 1. 
That is, S^p is an integral domain. So (^(S^p) = k sep ®kQ(S) is a field. This 
shows that Q(S)/k is a primary extension, as desired. □ 

Lemma 3.27. Let K be a field, and T an abstract group acting on K as 
automorphisms. Then the extension K/K r is separable. 

Proof. We may assume that char(i^) = p is positive. 

Let /i, . . . , f n be elements of K which are linearly independent over K T . 
Assume that Ylj a jfj = f° r a j '. By Artin's lemma |Bou4 §7, n°l], 
there exist some gi,...,g n € T such that det(^i/j) ^ 0. Then det(gifj) = 
det(gifj) p ^ 0. As J2j a j9ifj = for all i, a% = ■ ■ ■ = a n = 0. So f{ , . . . , f% 
is linearly independent over K T . So f\, . . . , f n is linearly independent over 
(K T )~ P in K~ p . So the canonical map (K t )~ p ® k t K — > K~ p is injective, and 
being a subring of a field, (K r )~ p ® K r K is reduced. So K/K r is separable. 

□ 

Lemma 3.28. Let H be a finite k-group scheme, and S an H -algebra. Then 
S is integral over S H . 

Proof. As S is a subring of S := k ®fc S, it suffices to show that S is integral 
over S . As (k ®k S) = k ®fc S H is integral over S , we may assume that 
k is algebraically closed. As S H = (S H °) H ^ H ° , we may assume that either H 
is infinitesimal or reduced. 
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The reduced case is well-known. If a G S, then f(a) = for / := 
U h e H (t-ha)eS H [t}. 

Assume that H is infinitesimal. Let I be the nilradical of k[H]. Note 
that / = Ker(e), where e is the counit map of k[H]. If I pE = (e > 0), then 
fp e = £ (f)P e in k[H) for / G fc[ff]. So it is easy to see that S p " C S H C 5. 
As <S is integral over S pe , it is also integral over 5* H . □ 

Lemma 3.29. Let S be a G-algebra which is a domain. Then the field 
extension Q(S)/Q(S) G is separable. If G is connected, then the extension 
Q(S)/Q(S) G is regular. 

Proof. By Lemma |3.26[ Q(S)/Q(S) G is primary. As a primary separable 
extension is regular, it suffices to prove the first assertion. 

As in the proof of Lemma 13.261 we may assume that S is finitely generated, 
and Q(S) G = k. Replacing S by its normalization, we may assume that S is 
normal. It suffces to show that S is geometrically reduced over k (see (I2.17P ). 
Set K = S G ° . Then by Lemma I3.28[ K is integral over K G l° a =S G = k. 
Hence K is an algebraic extension field of k. As K C Q(S), K is finite over 
k. It suffices to prove that K is separable over k, and S is geometrically 
reduced over K. Thus we may assume that G is either connected or finite. 

Set S sep := fc sep <8>fc S. It suffices to show that S sep is geometrically re- 
duced over k sep . Then S sep is geometrically reduced over k, and hence S is 
geometrically reduced over k, as desired. Note that S sep = S\ x • • • x S n is 
a finite direct product of normal domains which are finitely generated over 

k 

First assume that G is connected. As S G = k sep does not have a non- 
trivial idempotent, n = 1 by Lemma [2. 161 So Q(S sep ) = k sep 0^ Q(S) is a 
field. As 

Q(S sep ) ^ sop ^ = (k scp ®fc Q(S)) = fc sep <S>f. Q(S) = A; SO p ®fc k = k sep , 

the extension Q(S scp )/k sep is separable by Lemma 15.271 

Next consider the case that G is finite. Then Q(S sep ) r = k sep as above, 
where T = G(k sep ). Let x G Q(S sep ). Set H = {g G T | gx = x}. Let 
<7i, . . . , g r be the complete set of representatives of G/H. Then T permutes 
g x x, . . .,g r x. So f(t) = H^t - gix) lies in k sep [t], and f(x) = 0. So i is 
separable over k sep . So Q(S Bep ) is geometrically reduced over k sep , as desired. 

□ 



27 



4. Factoriality of rings generated by semiinvariants 

Lemma 4.1. Let R be a discrete valuation ring, if : R — >■ R a ring auto- 
morphism, and a G Q{R) \ {0}. Then ip(a) ■ a^ 1 G R x (note that ip can be 
extended to an automorphism of Q(R), and ip(a) makes sense). 

Proof. First assume that a G R \ {0}. Let m denote the maximal ideal of R. 
Let v : Q(R) X — > Z be the normalized discrete valuation associated with R. 
Note that ip~ 1 (R x ), the image of R x by ip" 1 , is contained in R x . So we have 
<^(m) C m. It follows that v {(p(a)) > v(a). Applying this to ip" 1 , we have 
v(a) = v(ip~ l ip(a)) > v(<f(a)). So v(a) = v(<p(a)), and ip(a) ■ a" 1 G R x . 

Next consider the case that a~ l G R \ {0}. Then ip(a~ l ) • a G R x . Taking 
the inverse, ip(a) ■ a -1 G -R x . □ 

Lemma 4.2. Assume that G(k) is dense in G. Let S be a Noetherian G- 
algebra, and f G Q(S). If Sf is a G{k)-submodule ofQ(S), then f G Qg(S), 
and Sf is a G-submodule of Qg(S). 

Proof. It is easy to see that 

I:=S: s Sf = Ker(S -> Hom 5 (S/, (Sf + S)/S)) 

is a G(A;)-submodule of S. By Lemma f2.12[ / is a G-ideal of 5. If / = b/a 
with b £ S and a G S 1 *, then a G /, and hence 7 contains a nonzerodivisor. 
As / G S 1 :q(5) /, / G Qg{S). So is a G(fc)-submodule of the G-module 
Qg(S), and hence it is a G-submodule of Qg(S) by Lemma 12.121 again. □ 

(4.3) Let V be a G-module and / G V. We say that / is a semiin- 
variant under the action of G if the one-dimensional subspace kf is a G- 
sub module of V. Let X(G) denote the set of isomorphism classes of charac- 
ters (i.e., one-dimensional G- modules) of G. X(G) is identified with the 
set of homomorphisms Alggrp(G,G m ) from G to G m . It is a subset of 
Mor(G,A 1 \ {0}) = k[G} x . So we sometimes consider that X(G) C k[G] x . 
Note that X(G) is then identified with the group of group-like elements of 
k[G}. 

For x G X(G), define 
V x := {/ ^ y I / is a semiinvariant, and fc/ = x} U {0} 

= {/ey |w(/) = /®x}, 

where oj is the coaction of V. Then = Hom G (x, V) is a subspace of V. 
For a G-algebra A, A G := ye x(G) ^ X ^ s a A A (G)-graded yl G -algebra. 
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(4.4) A scheme X is said to be quasi- (Si), if X is the union of finitely 
many irreducible closed subsets, and for any two dense open subsets U and 

V of X such that V C U, the restriction map T(U,O x ) -»■ T(V,O x ) is 
injective. An open subscheme of a quasi- (Si) scheme is again quasi- (Si). 
The inductive limit limr([7, Ox), where U runs through the all dense open 
subsets of X, is denoted by TZ(X), and is called the function ring of X. For 
/ G 1Z(X), there is a unique largest dense open subset U(f) (resp. U*(f)) 
of X such that / G T(U(f),O x ) (resp. / G r(C/(/), X ) X ). U(f) is called 
the domain of definition of /. Note that / : U(f) — > K\ is a morphism, and 
U*(f) = f-^Al \ 0), where = SpecZ C k\ is the origin. 

(4.5) Let S be a commutative ring. Then Spec S is quasi- (6*1) if and only 
if S has only finitely many minimal primes, and S* = S \ UpeMinS w here 
MinS denotes the set of minimal primes of S. In this case, 7?.(SpecS) = 
Q(S). If X is a Noetherian scheme, then X is quasi- (Si) if and only if X 
satisfies Serre's (Si) -condition. 

(4.6) A morphism h : Y — > X of schemes is said to be almost dominating 
if for any dense open subset U of X, ft, _1 ([/) is dense in Y. If X and Y are 
quasi-(Si) and h : Y — > X is almost dominating, the canonical map between 
the function rings h* : 7Z(X) — > TZ(Y) is induced. Let X and Y be the unions 
of finitely many irreducible closed subsets and h : Y — > X be a morphism. 
Then h is almost dominating if and only if the generic point of an irreducible 
component of Y is mapped to the generic point of an irreducible component 
of X by h. This condition is satisfied if h is a flat morphism. This condition 
is preserved by the base change by an open immersion. 

Lemma 4.7. Let h : Y — >■ X be a faithfully flat quasi- compact morphism 
between quasi-(Si) schemes. Let f G 1Z(X), and h*(f) G T(Y,Oy)- Then 
f G T(X, O x ). Thus identifying TZ(X) with a subring oflZ{Y) via the injec- 
tive map h*, we have K{X) n T(Y, O y ) = T(X, O x ). 

Proof. Assume the contrary. Then U(f) ^ X. Taking an afline neighbor- 
hood V of x G X \ U(f). Then h : h~ l (V) — > V is a faithfully flat morphism 
between quasi- (Si) schemes, / can be viewed as an element of TZ(V) (because 
U(f)r\V is dense in V), f £ T(V, O v ), but h*(f) G r(/i^ 1 (\/), O h -i (v) ). Thus 
this is another counterexample to the lemma where V is afline. Replacing X 
by V, we may assume that X = Spec A is afline, to get a contradiction. 
Take a faithfully flat morphism Speci? — > Y. Such a map exists, since 

Y is quasi-compact. Then / G B. In Q(A) ® A (B ® A B), 1 <g) (/ <g) 1) and 
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1<S>(1<8>/) agree, because / G Q(A). As A — > Q(A) is injective and B® A B is 
flat over A, B(g> A B — > Q(A)® A (B® A B) is injective, and hence f®l = leg) f 
in B <g> A B. As 

0-tA-tB-$-B® A B 
is exact with a(b) = lcg> & — 6cg>l, / 6 A. This is a contradiction. □ 

Corollary 4.8. Let h : Y — >■ X 6e a faithfully flat quasi-compact morphism 
between quasi-(S\) schemes which is an open map, and f e 7£(X). TTien 
[/(/**(/)) = h-\U(f)), and U*(h*(f)) = h~\U*{f)). 

Proof. U(h*(f)) D h~ 1 {U{f)) is obvious. On the other hand, h : U(h*(f)) -> 
h{U{h*{f))) is faithfully flat quasi-compact, and / e T{h(U{h* {/))), O x ) by 
Lemma I4T71 In other words, h(U(h*(f))) C U(f). The first assertion follows. 
Note that U*(h*(f)) is the inverse image of K\ \ by the morphism 

h-\U{f)) 4 U(f) 4 Ai . 
So it is h-\U*{f)). □ 

Lemma 4.9. Lei R be a commutative ring, and F an affine flat R-group 
scheme of finite type. Let (f : S T be an injective F -algebra map between 
F-algebra domains. Then Q((p)~ 1 (Qf(T)) = Qp(S). 

Proof. We may assume that S C T and (p is the inclusion map. So we may 
consider that Q(S) is a subfield of Q(T). 

Note that Q(T)<g> fl i2[F]nQ(S'<8>fl J R[F]) = Q(S)® fiJ R[F] in Q{T® R R[F\). 
Indeed, letting jfe = Q(S), X = Spec{k ® R R[F}), Y = Spec(Q(T) ® R R[F}), 
we have that 

Q(T) ® R R[F] n Q(s ® fi = r ) n K(X) 

= T(X, x )=Q(S) ® RJ R[F] 

by Lemma 14.71 (recall that X and Y are affine algebraic group-schemes over 
some fields, and hence are local complete intersections |Has3} (31.14)], and 
in particular, (Si)). 
It follows easily that 

Q{T) ® R RD Q(S ® R R[F]) = Q{T) ® R Rn Q(S) ® R R[F] = Q(S) ® R R. 
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Now let it '■ T —¥ T ® R R[F] be the map given by L T (t) = t g) 1, and 
l' t : Q(T) -> Q(T ® fi be the induced map. Let lT : T ® R R[F] ->■ 

T ®^ be the map given by 77 (i ® a) — ur(t)(l <8) a). It corresponds to 
the isomorphism SpecT x F — > SpecT x F given by (t, f) >->■ /), and 

hence 7r is an isomorphism. Let 7^ : Q(T ®r R[F]) — >• Q(T cg)# -R[-F]) be 
the induced map. Note that 7t^t = and 7^^ = w^. Note also that "f' T is 
an isomorphism, and 7^ maps Q(S ®r -R[-F]) bijectively onto Q(S ®r R[F}). 
Now we have 

(co' T )-\Q(S^ R R[F])) = (l' t )~ 1 (Q(S <8rR[F])) 

= Q(T)nQ(S® R R[F]) = Q(S). 

Note that (w t )\q(s) '■ Q(S) —> Q(S ® R R[F)) is nothing but u' s , induced 
by Ug. Now 

Q F (T) n Q(S) = K)^(Q(T) ® fl n (co' T )-\Q(S ® R 
= (u' T )-\Q(T) ® R R[F] n Q(5 ®ij = (t^)- 1 ^) ® R 

= (^)- 1 (g(5) ® K i?[F]) = Q F (5) 

by Lemma [3.71 This is what we wanted to prove. □ 

(4.10) We give an example of Qp(S). Let R — Z, and F = GJ^, the split n- 
torus over Z. Let S be an F-algebra domain. In other words, S = © AgZ n S\ 
is a Z"-graded domain, see |Has| (II. 1.2.1)]. Then Qf(S) is the localization 
St(S) by the set of nonzero homogeneous elements T(S) of S. 

We prove this fact. Note that Q F (S) = lim Qp(T) by Lemma |43| where 
the inductive limit is taken over F-subalgebras T of S of finite type over Z. 
As we have Sr(s) — h m ^r(T), replacing S by T, we may assume that S is of 
finite type over Z. 

So by Lemma [3.111 Qf(S) = [jj S :q(s) I, where the union is taken over 
all the nonzero homogeneous ideals I of S. If a G Qf{S), then a E S '.q(s) I 
for some J. Taking a nonzero homogeneous element s G /, a G (l/s)S C 
Sr(s). Conversely, if a = a/s G Sr(s) with a G S 1 and s G r(S'), then 
a G S :q(5) s C Qp(S). So Qf(S) = Sr(s), as desired. 

Lemma 4.11. Let R be a commutative ring, F a smooth affine R-group 
scheme of finite type. Let A and B be F -algebras, and <p : A — > B an F- 
algebra map. Assume that A is Noetherian. Let C be the integral closure of 
(p(A) in B. Then C is an F-subalgebra of B. 
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Proof. We may assume that A C B, and tp is the inclusion. Let to : B — > 
B ® R R[F] be the coaction. Note that the integral closure of A (g> R R[F] 
in B Or R[F] is C ® R R[F] by [EGAl (6.14.4)]. As u(C) is integral over 
A <g> i?[F], u;(C) CC® This is what we wanted to prove. □ 

Lemma 4.12 (cf. Rosenlicht |Ros] ) . Let X be a reduced k-scheme of finite 
type. Then there is a short exact sequence of the form 

1 -> K x 4 F(X, O x ) x -> Z r -> 0, 

where K is the integral closure of k in T(X, Ox), and i is the inclusion. 

Proof. If / : Y — >■ X is a dominating fc-morphism with K being a reduced 
/c-scheme of finite type, and the lemma is true for Y, then the lemma is true 
for X. Thus we may assume that X is affine and normal. If the lemma is true 
for each connected component of X, then the lemma is true for X. So we 
may assume that X is an affine normal variety. Replacing k by K, we may 
assume that K = k. Let X > X be an open immersion fc-morphism such 
that X is a projective normal variety. Let V\, . . . , V n be the codimension one 
subvarieties of X, not intersecting X. Let Vi, . . . ,v n be the corresponding 
normalized discrete valuations of k(X). Then 

1 k x = T{X, OxY ^ T(X, C x ) x A Z n 

is exact, where v(f) = (fi(/), • • • ,v n (f)). The assertion follows. □ 



Lemma 4.13 (cf. [Kam| (3.11)], |Pop2, Theorem 1]). Let G be connected. 



Let S be a G-algebra domain which is finitely generated over k. Let K be the 
integral closure of k in Q(S). Assume that X{G) — > X(K®kG) is surjective. 
Then for f G Q{S), the following are equivalent. 

(a) / e Qg(S), and f is a semiinvariant ofQa(S). 

(b) U*(f) is a G-stable open subset of Spec S. 

(c) Sf C Qg(S) is a G-submodule. 

In particular, any unit of S is a homogeneous unit of Sq- 

Proof. We prove the equivalence. We may assume that / ^ 0. Set X := 
Spec S. 
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(a) =^(b). Let u' : Q(S) -> Q(S <g) fc[G]) be the map induced by the 
coaction. Then as / is a semiinvariant, u)'(f) = / <8> 7 for some group-like 
element 7 of fc[G]. Note that 7 is a unit of fc[G]. Let a : X x G — > X be the 
morphism given by g) = g~ l x. Note that to' = a* : Q(S) — >■ Q (5(8) 
Now by Corollary I4.8[ 

a-\U*(f)) = U*(u'(f)) = U*(f ® 7 ) = £/*(/ ® 1) = pi\U*(f)), 

where pi : X x G — >• X is the first projection. So the action G x U*(f) — > X 
factors through U*(f), and U*(f) is G-stable. 

(b) =^>(a). Let S' be the normalization of S, and n : SpecS' — > X = 
SpecS* the associated map. 7r — 1 (f7* (/)) is a G-stable open subset of SpecS". 
As G is geometrically integral, each codimension one subvariety of Spec S' 
contained in Spec S' \ tt" 1 (?/*(/)) is G-stable. As U*(n*(f)) D n-\U*{f)) 
and SpecS' \ U*(n*(f)) is the union of some codimension-one subvarieties, 
U*(ix*(f)) is also G-stable. So we may assume that S is normal. Then we 
have K C S. Being the integral closure of k in S, K is a G-subalgebra of S 
by Lemma [4. Ill Then by Lemma |2.18[ K is G-trivial. 

Assume that Kf is a K ®k G-submodule of Qg(S). Then there is a one- 
dimensional fc-subspace kef of X/ which is a G-submodule of Kf for some 
c e K. But since c is G- invariant, kf is also a G-submodule of If/, and 
hence / is semiinvariant. Thus replacing k by K and G by if £g> G, we may 
assume that k = K. 

By jEGAl (6.14.2)] and jEGAl (6.14.4)], k sep ® k S is a normal domain, and 
k sep is integrally closed in k sep ® k S. See also [CCJ. If 1 <g> / e Q& sep ®G(A; se p <8> 
S) = Q G (k se p ® S), then / e Q(S) n g G (A; sep <g> S) = Q G (S) by Lemma 
Now / is a semiinvariant if and only if kf C Qg{S) is a G-submodule if and 
only if k scp ®kf d k sep <g) Qg(S) is a G-submodule if and only if fc sep (l <E> /) C 
Qfc sep «)G(^sep®S) is a fc sep ® G-submodule if and only if 1®/ is a semiinvariant 
under the action of k scp ® G. On the other hand, the canonical map p : 
Spec(fc sep <8 S) -> SpecS is a G-morphism, and p~ l {U*(f)) = U*(l (8 /) by 
Corollary [OJ As we assume that £/*(/) is G-stable, C/*(l <g> /) is G-stable, 
and hence it is also k sep <g> G-stable. So replacing by A; sep , S by /c sep CS>fc S, 
and G by k sep <8fc G, we may assume that k = K = k sep . 

Let V be a finite dimensional G-submodule of S which generates S as a 
fc-algebra. Then 

Spec S = X ^ Spec Sym V Proj Sym(V © k) 
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is a sequence of immersions which are G-morphisms. Let Z denote the nor- 
malization of the closure of the image of the composite of these morphisms. 
Then Z is a fc-projective normal G- variety, and X is its G-stable open subset, 
as can be proved easily using Lemma 13.91 

We want to prove that kf is a G-submodule of S. This is equivalent to 
say that kf is a G(fc)-submodule of S by Lemma [2.121 since G(k) is dense 
in G by [Bor, (AG13.3)]. So it suffices to show that for any g G G(k), 

(6) g(f)-f- 1 ek = T(Z 1 O z )= p| O zy . 

VCZ, codim z V=l 

So let g G G{k) and V be a codimension one subvariety of Z. 

If V is G-stable, then g induces an automorphism of the DVR Ozy- Then 
g(f) ■ f~ l G 0\ y by Lemma gU If V is not G-stable, then V n U*\f) ^ 0, 
and hence / G O zv . Since U*(g(f)) = g(U*(f)) = U*(f) by assumption, 
g(f) G Ozv Thus g(f) ■ f^ 1 G 0z,y. This is what we wanted to prove. 

(a)=^(c) is trivial. 

(c)=^(a). Discussing as in the proof of (b)=^(a), we may assume that S 
is normal, and k = K = k sep . Then since Sf is a G(fc)-submodule of Qg{S), 
g{Sf) = Sf for g G G(k). Hence for a height-one prime ideal P of S, 

(Sf) P ^S P g{{Sf)p)^g{S P ) ^ (Sf) g(P) ^S g(P) . 

It follows that J := f] Pe x 1 (S) (Sf) P ^s P P ^ s a G-stable ideal of S. Hence 
U*(f) = SpecS* \ V(J) is G-stable. By (b)^>(a), which has already been 
proved, we have that / is a semiinvariant. 

We prove the last assertion. Set A := So- Let / G S x . Then Sf = S, 
and hence / is a homogeneous element of A by the first assertion, which has 
already been proved. Similarly, f^ 1 G A. This shows that / is a unit of 
A. □ 

Lemma 4.14. Let S be a G-algebra domain, and f G Qq{S). If Sf is a 
G-submodule of Qq(S), then there is a finitely generated G-subalgebra T of 
S such thatTf is a (G,T)-submodule ofQa(T). 

Proof. We can write f = b/a with a,b G S and o / 0. Let V be a finite 
dimensional G-submodule of Sf containing /. Let sif, . . . , s n f be a /c-basis 
of V, where Si, . . . , s n G S. Let T be a finitely generated G-subalgebra of S 
containing a, b, si, . . . , s n . Then V C Q(T) C\Qq(S) = Qq(T) by Lemma l4~9l 
Hence Tf = T ■ V is a (G, T)-submodule of Qg(T). □ 
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Corollary 4.15. Let G be connected. Let S be a G -algebra domain. Let K 
be the integral closure of k in Q(S). Assume that X{G) — > X(K ® fc G) is 
surjective. If Sf G Qg{S) is a G-submodule, then f is a semiinvariant. 

Proof. By Lemma I4.14[ there exists some finitely generated G-subalgebra T 
of S such that Tf is a (G, T)-submodule of Qa(T). The integral closure L 
of k in Q(T) lies between k and K. So the inclusion X(G) — > X(L cg>fc G) is 
bijective. By Lemma [4.13[ / is a semiinvariant. □ 

Corollary 4.16. Let G be connected. Let S be a G -algebra domain. Let K 
be the integral closure of k in Q(S). Assume that X(K Cgi*. G) is trivial. Let 
f G Q{S), and assume one of the following: 

(b) S is finitely generated and U*(f) is G-stable; or 

(c) Sf G Qg(S) is a G-submodule. 

Then f G Q(S) G . In particular, S x = (S G ) X . □ 

Lemma 4.17. Let S be a G-algebra domain such that S x G S G . Let K be 

the integral closure of k in Q(S). Let G(K) be dense in K®kG. Assume that 
X(G) X(K £g>fc G) is surjective. If f G Qg(S) and Sf is a G-submodule 
of Qg{S), then f is a semiinvariant. If, moreover, X(G) is trivial, then 
feS G .' 

Proof. We may assume that / ^ 0. Note that K x G S x G S G , and hence 
K G S . Assume that Kf is a K ®k G-submodule of QK® k c{.S). Then 
there is a one-dimensional G-stable fc-subspace kef of Kf with c G K x . As 
c G K G S G , kf is also G-stable, and hence / is semiinvariant. As we have 
/ G Qg(S) = QK® k G(S) and Sf is a K ®k G-submodule of Qg(S), replacing 
k by K, we may assume that k = K. 

By Lemma I4.14[ there exists some finitely generated G-subalgebra T of 
S such that Tf is a (G, T)-submodule of Q G (T). Note that T x cS x nTc 
S G PIT = T G . Replacing S by T, we may assume that S if finitely generated. 

We define X ■ G(k) S x by gf = X (g)f for g G G(k). As S x G S G , 
X is a homomorphism of groups. Let x{g) be the image of x(fiO i n S x /k x . 
Note also that / is semiinvariant under the action of G° by Lemma 14.131 So 
x(G°(k)) G k x . So x induces a group homomorphism x' : G(k)/G°(k) — > 
5 X /A; X . As G(k)/G°(k) is finite and 5 X /A; X ^ Z r for some r by Lemma KM 
x' is trivial. This shows that x(G(k)) G k x . So kf is a G(fc)-submodule of 
Qg{S)- By Lemma [2. 12^ / is a semiinvariant. The last assertion is trivial. □ 
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Lemma 4.18. Let G(k) be dense in G. Let S be a G-algebra domain such 
that S x = k x . Let f G Q(S) X . If Sf is a G(k)-submodule of Q(S), then 
f ^ Qg{S), and f is a semiinvariant. If, moreover, X(G) is trivial, then 
feS G . 

Proof. We show that kf is a G(fc)-submodule of Q(S) . Let g G G(k). Then 
since Sf = g(Sf) = S(gf). It follows that gf = uf for some u E S x = k x . 

Now write / = a/b with a, b G S, b ^ 0. Let T be a finitely generated G- 
subalgebra of S containing a and b. Then kf is a G r (fc)-submodule of Q(T). In 
particular, T f is a G(fc)-submodule of Q(T), and hence / G Qg(T) C Qg{S) 
by Lemma S2J Since kf is a G(fc)-submodule of Qg{T), f is a semiinvariant 
by Lemma [2.121 The last assertion is trivial. □ 

Remark 4.19. Let be an algebraically closed field. 

(i) If iV is a normal closed subgroup of G with X(N) = {e}, then the 

restriction X(G/N) — > X(G) is an isomorphism. 

(ii) If iV is a unipotent group, then X(N) is trivial. In particular, X(G) 

is trivial if and only if X(G/R U ) is trivial, where R u is the unipotent 
radical of G. Note that the identity component of G/R u is reductive. 

(iii) If G° is reductive, then H = G/[G, G] is an abelian group such that H° 
is a torus. Note that X(H) — > X(G) is an isomorphism. It is easy to 
see that H = H° x M for some abelian finite group M. Thus X(G) is 
trivial if and only if M = G/[G,G] is finite, and the order of M is a 
power of p, where p = max(char(A;), 1). 

(iv) In particular, if G°/R u is semisimple and the order of G/G° is a power 
of p, then X(G) is trivial. 

(v) If G is connected, then G/(R U - [G, G]) is a torus, and X(G) = X(G/R U - 

[G, G]) is a finitely generated free abelian group. X(G) is trivial if and 
only if G/R u is semisimple if and only if the radical of G is unipotent. 

(vi) If G is connected, X([G,G}) is trivial by (v). 

Lemma 4.20. Let R be a commutative ring, F an affineflat R-group scheme, 
and S an F-algebra, A = S F , and f G AnS*. Then Af = Sf D A. 
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Proof. The multiplication by / induces an (F, S) -isomorphism / : S — )■ Sf. 
Taking the F-invariance, we have that the multiplication / : A — > {Sf) F = 
Sf PI A is an isomorphism. □ 



Lemma 4.21. Let R be a Noetherian commutative ring, and 



(7) 



be an exact sequence of affine R-group schemes flat of finite type. Assume 
that T = is a split torus. Let S be a Noetherian F -algebra which is an 
F-domain. That is, SpecS is F-integral, see [ H M| (4.12)]. Assume that for 
any height one F -prime F -ideal P such that P fl S N is a minimal prime of a 
nonzero principal ideal, P fl S N is principal [for the definition of an F -prime 
F -ideal, see [HHl (4.12)]). Then S N is a UFD. 

Proof. Set A := S N . Note that A is a T- algebra so that A is an F-subalgebra 
of S in a natural way by Lemma 12.101 As of S is an F-prime F-ideal, 
= n A of A is also an F-prime F-ideal by [HMl (4.14)]. So of A is a 
T-prime T-ideal. As T is F-smooth with connected fibers, is a prime ideal 
of A by [HM, (6.25)]. That is, A is an integral domain. 

Note that A is a Z n -graded R- algebra. Assume that A is not a UFD. 
Then, by Lemma 12.221 there is a nonzero homogeneous element of A which 
is not a unit or a product of prime elements. As S is Noetherian, the set 

{Sa | a G A \ (A x U {0}), a is homogeneous, 



has a maximal element Sa with a G A \ (A x U {0}). Note that Sa ^ S, 
otherwise a G S' x fl A = A x . If P is a height zero associated prime of Sa, 
then = P* D (Sa)* = Sa 3 a ^ 0, and this is a contradiction. So any 
minimal prime of Sa is height one. As the F-prime of S does not have 
an embedded prime |HA4] (6.2)], a is a nonzero divisor in S. In particular, 
Sa n A = Aa by Lemma I4T2U1 



and not a product of prime elements in A} 



Let 




P 1 n • • • n P s 



be a minimal F-prime decomposition. Then 



VIa~ = (Pi n A) n • • • n (P s n A). 
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Indeed, each Pj D A is a prime ideal containing Aa by [HMl (4.14)] and |HM[ 
(6.25)]. On the other hand, v^Sa fl A C v^Sa D A = vis. So there is some 
i such that Pj fl A is a minimal prime of Aa. Replacing P, by a smaller 
one if necessary, we may assume that Pj is minimal so that ht P» = 1 . Now 
PidA = Ab for some b e A\ (v4 x U {0}) by assumption. So a is divisible by a 
prime element 6. As a is homogeneous, 6 and a/b are homogeneous elements 
of A. Note that 5a C S (a/b) (otherwise b e S x D A = A x ). The choice of 
a shows that either a/b is in A x , or a/b is a product of prime elements. So 
a = b ■ (a/b) is a product of prime elements. This is a contradiction, and A 
is a UFD. □ 

(4.22) Let G be connected. Then by (v) of Remark 14191 X(G) = Z n 
for some n. Note that kX(G) is a fc-subbialgebra of k[G\. So the inclusion 
kX(G) e — >■ fc[G] induces a surjective homomorphism ip : G T, where 
T := Spec£;X(G) = G^. Let iV := Kery9. Then it is easy to see that 

l^JV-f G-fT->l 

is a short exact sequence of fc-groups. 
For a G-module M, 

M G := Hom G (x, M) = (M ® A;[T]) G = (M <8> /ctGj^) 6, = M^, 

x ex(G) 

where G acts on k[T] and ^[G]^ left regularly, and iV acts on k[G] right 
regularly. The last isomorphism is given by Yli m i® fi ^ Si fi( e ) m ii where 
e is the unit element of G. The inverse M N — > (M(g) /cfGj^) 6, is given by the 
restriction of the coaction oj : M — > M (g) k[G]. In particular, for a G- algebra 
S, we have 5^ = S N . So if 5 is a Krull domain (resp. integrally closed 
domain), then so is So = S fl Q(S) N . By Lemma |4.21[ we immediately have 
the following. 

Corollary 4.23. Let G be connected. Let S be a Noetherian G-algebra do- 
main. Assume that for any G-stable height one prime P such that PC) So is 
a minimal prime of a nonzero principal ideal, P fl Sg is principal. Then Sg 
is a UFD. □ 

Lemma 4.24. Let R be a commutative ring, F an ajfine flat R-group scheme 
of finite type. Let S be a Noetherian F -algebra. If P is a prime ideal which 
is an F -ideal, then P^ := P n Sp fl S is an F -ideal for n > 1. 
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Proof. The only minimal prime of P n is P. In particular, the only minimal 
F-prime of P n is P* = P. Let / be the F-primary component of P n corre- 
sponding to the minimal F-prime P (it is unique, see |HMt (5.17)]). It has 
only one associated prime P by [HMl (6.13)]. So by |HMt (6.10)], / is the 
P-primary component P n . Thus / = P( n \ and P^ is an F-ideal. □ 

Theorem 4.25. Let S be a finitely generated G-algebra which is a normal 
domain. Assume that G is connected. Assume that X(G) — > X(K ®^ G) is 
surjective, where K is the integral closure of k in S . Let X G (S) be the set 
of height one G-stable prime ideals of S. Let M{G) be the subgroup of the 
class group Cl(S') of S generated by the image of X G (S). Let V be a subset of 
X G (S) whose image in M(G) generates M(G). Set A := Sq- Assume that 
Qg(S)g C Q(A). Assume that if P G T, then either the height of P PI A is 
not one or P D A is principal. Then for any G-stable height one prime ideal 
Q of S , either the height of Q D A is not one or Q D A is a principal ideal. 
In particular, A is a UFD. If, moreover, X(G) is trivial, then S = A is a 
UFD. 

Proof. Note that {[P] | P G T} generates Z(M(G)) C C1'{S), see for the 
notation, (12. 5ft . So the class [Q] of Q in C\'(S) is equal to ^[=i n i[Pi] ^ OT some 
Pi, . . . , P r G r. We may assume that n\, . . . , n s > 0, and n s+1 , . . . , n r < 0. 
Let / = P[ ni) n ■ ■ • n Pi ns) , and J = P { s ^ s+l) n - • • n Py nr) . By Lemma|422 
both I and J are G-stable. Note that [Q] = [I :q(s) J]- So there exists 
some a G Q(S) such that aQ = I :q($) J- Then a £ I :q(s) JQ C Qg{S) 
by Corollary 13.121 As aS = I :q^) JQ is a (G, S^-submodule of Qg(S) by 
Corollary I3.12[ a G Qg{S)g C Q(A) by Lemma 14.131 and the assumption. 
Hence 

(8) a(QnA) = (I: Q(s) J)nQ(A). 

Now assume that Q R A is height one. Then the left hand side is a divisorial 
fractional ideal of the Krull domain A, and hence so is the right hand side. 

Applying Lemma EH if p G X 1 (A) and ((/ : Q{S ) J) H Q{A)) p ^ A p , then 
n p(I -Q(S) J) 7^ 0. In particular, there exists some P G A x (p) such that 
vp(I :q(5) J) 7^ 0. Such a P must be one of Pi, ... , P r , and lies in T. This 
forces that p is principal, by assumption. This shows that a(QnA) = (I :q(s) 
J) H Q(A) is principal. So Q PI A is also principal, as desired. 

We prove that A is a UFD. As A is a Krull domain, P is a height one 
prime if and only if it is a minimal prime ideal of a nonzero principal ideal. 
By Lemma WM, A is a, UFD. 
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The last assertion is trivial. □ 

Theorem 4.26. Let G be connected. Let S be a G-algebra of finite type over 
k. Assume that S is an integral domain. Assume that X(G) — > X(K Cg^ G) 
is surjective, where K is the integral closure of k in Q(S). Set A := Sq- 
Assume that if P is a G-stable height one prime ideal of S such that if PC\A 
is a minimal prime of some nonzero principal ideal, then P is a principal 
ideal. Then 

(i) If P is a G-stable height one prime ideal of S such that PC\A is a minimal 

prime of a nonzero principal ideal, then P = Sf for some homogeneous 
prime element f of A. 

(ii) A is a UFD. 

(iii) Any homogeneous prime element of A is a prime element of S. 

(iv) If, moreover, X(G) is trivial, then S G = A is a UFD. 

Proof, (i) By assumption, we can write P = Sf with / G S. By Lemma T4.131 
/ is a homogeneous element of A. As Af = A fl P by Lemma 14.201 / is a 
prime element of A. 

(ii) Let P be a G-stable height one prime ideal such that P fl A is a 
minimal prime ideal of a nonzero principal ideal. Note that P = Sf for 
some prime element / e A by (i). Then P fl A = Af is principal. Now by 
Corollary EM A is a UFD. 

(iii) Let a be a homogeneous prime element of A. Let P be a minimal 
prime of Sa such that P fl A = Aa. Then P = Sb for some homogeneous 
prime element b of A by (i), and Ab = P fl A = Aa. Hence Sa = Sb = P, 
and a is a prime element of S. 

(iv) is trivial. □ 



Corollary 4.27 (cf. |Pop2[ p. 376]). Let G be connected. Let S be a G- 



algebra of finite type over k. Assume that S is a UFD. Assume that X(G) — > 
X(K cg>£. G) is surjective, where K is the integral closure of k in S . Then 
A := Sg is a UFD. Any homogeneous prime element of A is a prime element 
of S. If, moreover, X(G) is trivial, then S G = A is a UFD. □ 

We can prove Corollary 14.271 without assuming that S is finitely generated. 



40 



Proposition 4.28. Let G be connected. Let S be a G-algebra. Assume that 
S is a UFD. Assume also that X{G) — > X(K Cg^ G) is surjective, where K 
is the integral closure of k in S. Then A := Sq is a UFD. Any homogeneous 
prime element of A is a prime element of S. 

Proof. Let / G A\(A X U{0}) be a homogeneous element. Then / G S\(S X U 
{0}). Let / = fi ■ ■ ■ f r (r > 1) be a prime factorization of / in S. For each 
i, the scheme theoretic image V(Sft)* of the action G x V(Sft) — > Spec S 
is integral by Lemma [2.151 is contained in V(Sf) (because Sf is a G-stable 
ideal), and contains V(Sfi). But there is no integral closed subscheme E of 
Spec S such that V(Sfi) CEc V(f). So V(Sfi)* = V(Sfi). In other words, 
Sft is G-stable. By Lemma|H3l ft G A. By LemmaE!! Aft = SftnA, and 
hence ft is a prime element of A. This shows that / has a prime factorization 
in A, and A is a UFD by Lemma \2. 221 Moreover, if / is not irreducible in S 
and r > 2, then / is not irreducible in A. This shows that any homogeneous 
prime element of A is a prime element of S. □ 



Lemma 4.29 (cf. |Pop2 p. 376]). Let S be a G-algebra which is a UFD. 



Assume that G(K) is dense in K 0^ G, where K is the integral closure of k 
in S . Assume that X(K ®fc G) is trivial. Assume also that S x C A = S G . 
Then A is a UFD. 

Proof. As K x C S x C S G , K C S G . So replacing k by K, we may assume 
that k = K. 

Let / G A \ ({0} U A x ). Let / = fi ■ ■ ■ f r be a prime factorization of / in 
S. Using induction on r, we prove that / has a prime factorization in A. 

As G(k) leaves the ideal Sf stable, G(k) acts on the set of prime ideals 
r = {(/i), . . . , (f r )}. Let r x be a G(fc)-orbit, and let I\ = {(&), . . . , (4)}, 
with (/ij.) distinct. Set h = Yljfij- Then G{k) only permutes the elements 
of Ti, and the ideal Sh is G( k) -invariant. By Lemma 14.171 h G A. If 
a,b E A and a& G /i-A, then either a E f^S or b E f^S. If a G ft t S, then 
a e /iS n A = HA. If 6 G then 6 G ft5 n A = hA. As h ^ A x = S x , 
h is a prime element of A. Note that ///i G S 1 fl Q(A) = A. Using the 
induction assumption, f /his either a unit, or has a prime factorization in A. 
So / = h(f/h) has a prime factorization in A, as desired. □ 



Lemma 4.30 (cf. |Hocl section 6], |Popl Lemma 2]). Let S be a G-algebra 



which is a UFD. Assume that S x = k x . IfG(k) is dense in G and X(G) is 
trivial, then S is a UFD. 
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Proof. Note that k x C K x C S x = k x . So K = k. The assertions follow 
immediately from Lemma 14.291 □ 

5. The Italian problem on invariant subrings 

The following is a refinement of |Popl Lemma 1]. See also |Kam} (3.14)]. 



Proposition 5.1. Let G be connected. Let S be a G-algebra which is a 
Krull domain. Assume also that any G-stable height one prime ideal of S is 
principal. Moreover, assume that X(G) — > X(K cgi^ G) is surjective, where 
K is the integral closure of k in S . Then Qg(S)g — Qt(A), where T = 
SpecAX(G). If, moreover, X(G) is trivial, then Q(S) G = Q(S ). 

Proof. Let a/b G Qg{S)g \ {0} be a homogeneous element of Qg(S)g with 
a, b G S \ {0}. As k ■ (b/a) is a G-submodule of Qg(S), S(b/a) is a (G, S)- 
submodule of Qg(S). Hence / := Sb :g Sa = S{b/a) fl S is a G-ideal of S. 
Clearly I is divisor ial. 

Let Pi, . . . ,P S be the minimal primes of /. Each Pj is height one, and is 
G-stable by Lemma [2. 151 

So Pi = Sfi for some G S by assumption. Then f\ is a semiinvariant 
by Lemma \A. 131 Now f '■— (fx - ■ • f s ) n G {0} for sufficiently large n. Then 
h := f{a/b) G S is also a semiinvariant. So h G A. Then a/6 = /i// G 
by flCTj) . This shows that Q G (S) G C Qt(^)- 

On the other hand, A = C Qg{S)g- Moreover, if s is a semiinvariant 
and uj(s) = s (g) 7 for a group-like element 7 of then ^'(s -1 ) = s" 1 ® 
7 _1 , and hence G Qg(S)g- This shows that Qt(^4) C Qg(S)g- Hence 
Qg{S) g = Qt{A). 

The last assertion is obvious. □ 

Remark 5.2. The heart of the argument above is in [Kami section 3]. 

(5.3) Let X be an (Si) A;-scheme of finite type on which G acts. Let 
$:GxX— > X x X be the morphism <&(g,x) = (gx,x). Let g := dimG, 
and s = g — min{dimG x | x G X}, where G x is the stablizer of x. That 
is, G x = $ _1 (x,x). It is a closed subgroup scheme of G x x over x. Set 
Z7 := {x e X \ o\\m.G x = g — s}. Note that U is a non-empty open subset 
of X. Let 6 : G x X X be the map given by b(g,x) = g~ l x. Let 
P2 : G x X — ?• X be the projection. Both maps are flat, so the maps 
b* : ft(X) ^ K(G x X) and : TZ(X) -»■ 7^(G x X) are induced. We denote 
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the kernel of b* ~"p\ by 7t(X) G . If X is a variety, then we write it as k(X) G . 
It is a subfield of k(X) in this case. 

If X = Spec S is affine, then 7Z(X) G = Q(S) G by definition. On the other 
hand, for g G G{k) and / G TZ(X), (gf)(x) = f(g~ l x) gives a definition of 
the action of G(k) on 1Z(X). 

Lemma 5.4. In general, 1Z(X) G C 1Z(X) G( - k > . If G(k) is dense in G, then 

n(x) G = n(x) G ^ . 

Proof. Let q : Spec B — » X be a faithfully flat morphism of finite type such 
that B satisfies the (Si) condition. Let h be the composite 

Y := G x Spec B^GxlAl, 

where a is the action. Note that h is a faithfully flat G-morphism of finite 
type. The diagram 

K{X) G H{X) b —^ K(G x X) 



h* 



b *-Pi 



(lxh)* 



IZ(Y) G K(Y) — ^ 1l(G x Y) 

is commutative with exact rows and injective vertical arrows. So IZ(X) G = 
TZ{X) n TZ(Y) G in H{Y). On the other hand, h* : K{X) -»■ ^(F) is a G(k) 
homomorphism, and H{X) G ^ = K(X) n 

As y is affine, TZ{Y) G C ^(y) G ( fc ) in general, and ft(y) G = TZ(Y) G ^ if 
is dense in G by Lemma [3.31 The assertions follow immediately. □ 

(5.5) Let k — > K be an algebraic extension of fields. Let X and G be as in 
( 15. 3p . Then the canonical isomorphism K ® k 1Z(X) — >■ TZ(K ® fc X) induces 
an isomorphism K ® k K(X) G = TZ(K ® k X) G . 

Lemma 5.6. Let X be a k-variety on which G acts. Then s = tdeg fe k(X) — 
tdeg fc k(X) G , where tdeg denotes the transcendence degree. 

Proof. Replacing G by G°, we may assume that G is connected. 

Let p : X' — > X be the normalization of X. Note that X' is a G-scheme 
in a unique way so that p is a G-morphism. Let x' be a closed point of 
X', and x := p(x'). As p~ 1 (x') is finite over x, ((G x ) x x x')° C G x >, set 
theoretically. On the other hand, if gx' = x', then gx = x, and hence 
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G x > C G x x x x' . In particular, dim G x < = dimG^. So replacing X by X', 
we may assume that X is normal. Let K be the integral closure of k in 
T(X,Ox)- Then K is integrally closed in k(X) by normality. Note that 
T(X, Ox) is a G-algebra, and thus K is a G-subalgebra of T(X, Ox)- So G 
acts on K trivially. Replacing k by K, we may assume that k = K. Then 
taking a base change by k sep , we may assume that k = K = k sep . 

The morphism $:GxX-)-XxX induces a : k(X) <g> fc(X) -)■ C, 
where G = {ip G fc(G x X) | V# G G(&) ((/ X X) n ^ 0}. Note 

that a(/ ® h) = a*(/)(l <g> /i), where a : G x X — > X is the action. As 
a*(f) = 1 <g> / for / G A;(X) G , a induces a : fc(X) <3 k (x)G k(X) -> G. For any 
g G G(fc), g : G —t- fc(X) given by (gip)(x) = tp(g,x) is well-defined. Note 

that <?(a*(/)) = a" 1 /- 

We show that a is injective. Let YTj=i fj ® fyj G Ker a with fi, . . . , f n 

linearly independent over k(X) G . As A;(X) G = k(X) there exist some 
gi, . . . ,g n G G(/c) such that det(gifj) ^ by Artin's lemma [Bourt §7, n°l]. 
Then 

i j 

for i = 1, . . . , n. This shows that hi, . . . , h n = 0, and hence a is injective, as 
desired. 

Let Z be the scheme theoretic image of $. Then by the last paragraph, 
k(Z) = Q(k(X) ® k{x) a k(X)). Hence dimZ = 2dimX - tdeg fc k(X) G . On 
the other hand, §~ 1 Q(g,x) = gG x for g G G and x G X. Thus dimZ = 
dimX + s. So s = dimX - tdeg fc k(X) G = tdeg fc k(X) - tdeg fc /c(X) G , as 
desired. □ 

(5.7) Let S be a finitely generated /c-algebra domain. Set rg = r = 
tdeg fc G;(>S) — tdeg fe Q(S G ), and s s = s = tdeg fe Q(S') — tdeg fc Q(S) G , as before. 
Obviously, r > s in general. 

Lemma 5.8. J/S* zs normal, then Q(S G ) = Q(S) G if and only if r = s. 

Proof. To say that r = s is the same as tdeg k Q(S G ) = tdeg fc Q(S) G . Or 
equivalently, the extension Q(S G ) — > Q(S) G is algebraic. So the 'only if 
part is obvious. 

We prove the 'if part. Set A = S G . Let a G Q(S) G . By assumption, a 
is integral over A[l/a], for some a G A \ {0}. As a is integral over S'fl/a], 
a G Q(5[l/a]), and 5[l/a] is normal, a G 5[l/a]. So a G 5[l/a] n Q(S) G = 
S[l/a] G = A[l/a) C Q(A), as desired. □ 
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Corollary 5.9. If S is normal, then Q(S G ) = Q(S) G if and only if there 
exists some closed point x G SpecS" such that dim Go: > r. 

Proof. As s = max{dimGx | x G X}, there exists some closed point x G 
Spec S such that dim Gx > r if and only if s > r. As r > s is always true, this 
is equivalent to say that s = r. The assertion follows from Lemma 15.81 □ 

6. Examples 

(6.1) Let n > m > i > 2 be positive integers, V = k m , W = k n , and 
M := V <S> W. Let Vi, . . . , v m and Wi, . . . , w n respectively be the standard 
bases of V and W. Note that GL m x GL n = GL(V) x GL{W) acts on M in 
a natural way. Let U C GL m be the subgroup of unipotent upper triangular 
matrices. Then U is connected, and k ®kU does not have a nontrivial 
character. Note that SymM = k[xij]i<i< mt i<j< n is a polynomial ring in mn 
variables, where x^ = v i <g> Wj. The ideal I t of SymM generated by the 
t-minors of (xij) is a GL m -stable ideal. Set 5* := k[M]/I t . 

The class group Cl(S') of S is Z, see [BVl (8.4)]. So S is not a UFD. Let 
P be the ideal generated by the (t — l)-minors of the first (t — 1) rows of (:%) . 
Then P is ^/-stable, and the class (P) of P in the class group C\(S) = Z is 
a generator, see |BVt (8.4)]. 

As It is GL m x GL n -stable, GL m x GL n acts on 5* in a natural way. By 
|Grot Theorem 9], S u is finitely generated over k. 

Note that S u = © a Vgl„(A) as a GL n -algebra, where A runs through 
all the sequences (Aj, . . . , A t _i) such that Ai > ■ ■ ■ > A t _i > 0, and Vgl„(A) 
denotes the dual Weyl module of highest weight A. Letting Vgl„(A) be of 
degree Ai + • — h A 4 _i, such a GL n -algebra has the same Hilbert function as 
the Cox ring of GL n /V, where V is the parabolic subgroup of (ay) G GL n 
with ctij = for j > i < t. The dimension of GL n /V is (t — l)(n — 1/2), and 
the rank of the class group of GL n /V is t — 1. SodimS' J/ = (t— l)(n+l— 1/2). 

On the other hand, P u = I^_i, and hence it is easy to see that S u / P u = 
(S/I t -i) u , and its dimension is (t — 2)(n + 1 — (t — l)/2). So the height of 
P u is n - t + 2 > 2. 

In order to apply Theorem l4.25l to conclude that is a UFD, it remains 
to show that there is an orbit U ■ x of Spec 5 whose dimension is equal to 
dim S — dim S u by Corollary 15.91 Note that dim S — (t — l)(m + n — t + 1) 
by [BV, (1.1)]. So dim S- dim 5^ = (t - l)(m - t/2). 
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Next, Spec SymM = M* = V* ® W* = Rom{W, V*) ^ Mat(m, n; k). As 
matrices, g G GL m acts on A G M* = Mat(m, n;k) by g ■ A = t g^ 1 A, where 
the product on the right hand side is the usual multiplication of matrices. 

Set x G (Spec S)(k) = {ie Mat(m, n; k) | rank A < t} to be the matrix 



x 



E t -i O t -l,n-t+l 

O m -t+i t-i Om-tfi n-f+i 



where Ojj is the i x j zero matrix, and E t _i is the identity matrix of size 
t- 1. 
Then 

t^t-l Ot-l t n-t+l 



U ■ X = U X 



where f/~ (resp. x) is the group ofmxm (resp. (t — 1) x (t — 1)) unipotent 
lower triangular matrices. So dimf/ ■ x = (t — l)(m — t/2), as desired. This 
proves that S u is a UFD. 

There is another way to show that S u is a UFD. Some more argument 
shows that S u is isomorphic to the Cox ring of GL n /V (we omit the proof). 
We can invoke |EKWt Corollary 1.2]. 

(6.2) Let A; be a field of characteristic 3. Let G be the cyclic group Z/3Z 
with the generator a. Let A be the group algebra ZG, and M the left 
ideal A(l — a) of A. Then G acts on the group algebra S = kM. Let 
A = 1— a and B = a(l — a). Then S = k[A , B^ 1 ] is the Laurent polynomial 
ring, and G acts on S via a A = B, and oB = (AB)" 1 . So G acts on 
SpecS* = A 2 \ {the coordinate lines} via a(x,y) = (l/xy,x). Thus the only 
fixed point is (1, 1), and G acts freely on Spec 5* \ {(1, 1)}. Thus the action 
of G on S is effective (i.e., G — > Aut S is injective), and Spec S — > Spec S G is 
etale in codimension one. As S is a UFD, the class group of S G is i? 1 (G, S x ) 
by [Foil (16.1)]. 

Let u £ S x . Then there exists some (m,n) such that 

A m B n u ek[A,B] x =k x . 

So we have an isomorphism of A- modules S x = k x © M. Now we compute 
the cohomology group of S. Take the resolution 

F: ...i4A^>A^A^0 
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of the trivial A-module Z. Then Horrid (F, iV) is 



• • • i 



N i 



N <■ 



for any A-module N. If N = k x , then 1 — a on N is the zero map, while 
l + a~ + cr 2 is the action of 3. Namely, the map a i— > a 3 . So A; x ) = Ker3 

is trivial. On the other hand, UN — M, then 1 + a + a 2 on A" is zero, and 
H\G, M) = M/M(l - a) S Z/3Z. This shows that C1(S G ) S jf^G, S x ) ^ 
Z/3Z is not trivial, and is not a UFD. 

On the other hand, there is no nontrivial homomorphism G — > S x = 
k x © M, since k is of characteristic 3, and M is torsion free. This example 
shows that the assumption (iii) in Theorem 11.11 cannot be removed. 

We compute S G more precisely. Let D be the group algebra kA. Then 
D = k[Xf l , X 2 X , X^ 1 ] is a Laurent polynomial ring (here X% = 1, X2 = a, 
and X3 = a 2 ) on which G acts via aX± = X2, 0X2 = X3, and 17X3 = X\. The 
subalgebra C := k[Xi, X 2 , X 3 ] is a G-subalgebra, and it is well-known that 
C G = k[ei, e%, e^, A], where is the ith elementary symmetric polynomial, 
and A = (X 2 — Xi)(A r 3 — Xi)(X 3 — X 2 ). So localizing by e 3 , we have that 
D G = k[ei, 62, e 3 , A, ej 1 ]. The action of G on D preserves the grading, where 
degXi = 1. Then letting A = X 1 /X 2 and 5 = X 2 /X 3 , S is the degree 
zero component of D. Thus S G is the degree zero component of D G . It 
is k[e"l/e 3 , A/e 3 , e\/e\, eie 2 /e 3 ]. Note that e^/e 3 is an irreducible element in 
S' 6 '. It does not divide eie 2 /e 3 , but e 3 ){e\/ e\) = (eie 2 /e 3 ) 3 . This shows 
that e\/e 3 is not a prime element. This computation also shows that 5* G is 
not a UFD. 

(6.3) Let A; be a field. Let k denote its algebraic closure. Let x G k\k 
such that t = x 2 G k. Let G be the closed subset of GL 2 (k) 



It is easy to see that G is a closed subgroup of GL 2 (k), and is smooth over k 
and connected. Note also that G is two-dimensional and commutative. Let 
us write 



k[G] = k[A,B,C,D,{AD-BC)- l ]/{A-D,B-tC) = k[A,C, (A 2 -tC 2 )- 1 }. 



Then it is easy to see that f — A + xC is a group-like element of S = 
K ®fc k[G], where K = k(x). S is finitely generated over k and is a domain. 
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With the right regular action, S is a G-algebra, and u)(f) = f ® A + xf ®C G 
Sf ®k k[G]. So u>s(Sf) C Sf Cg>fc k[G], and Sf is a G- ideal. However, / is 
not a semiinvariant. It is a semiinvariant of if ®fc G. Thus the assumption 
that X(G) X(ff ®fc G) is surjective in Lemma [4.131 is really necessary. 

(6.4) Let k = R. Then 

G={(J |a 2 + 6 2 = l}cGL 2 (A;) 

is an anisotropic one-dimensional torus. Let G act on S = C[x, y, s, t) by 

(l ~f)x=(a + bV=I)x, (£ " a 6 )y = (o + 6V=T)!/, 

(J - a ") S = ( a -6v^T) S , (» - o 6 )t = (a-6^T) ( 

(G acts trivially on C). Then S is a finitely generated UFD over R, G is 
connected, X(G) is trivial (however, X(C ®k G) is nontrivial), but S 10 = 
C[xs, xt, ys, yt) is not a UFD. The assumption that X{G) —> X(K Cgi^ G) is 
surjective in Corollary 14.271 cannot be removed. 
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